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■ Abstract 
CN ' 

We study the asymptotic behavior of blow-up solutions of the heat equation with nonlinear 
. boundary conditions. In particular, we classify the asymptotic behavior of blow-up solutions and 

investigate the spacial singularity of their blow-up profiles. 

CN ' 

CN ; 1 Introduction 

Q_i | We study positive solutions of the heat equation with nonlinear boundary conditions: 

' d t u = Au in G R" x (0,T), 

d v u = u q on G 8W£ x (0, T), (P) 

^u(x, 0) = uq(x) in R™ , 



where R™ = {x = (x 1 , x n ) G R n_1 x R; x n > 0}, d v = -d/dx n , Kq< n/(n - 2) if n > 3 and 

> 

00 ■ uq G C(R^) n L°°(R^), n > 0. 



A solution u(x, t) is said to blow up in a finite time, if there exists T > such that 



L°°(R") — °°- 



in 
in 

^ ■ limsup ||u 

cn _ 

It is known that a solution blows up in a finite time for any q > 1, if the initial data is positive and 
large enough. In particular, every positive solution blows up in a finite time even if the initial data is 
small for the case 1 < q < (rt + l)/n ([3]). In this paper, we study the asymptotic behavior of blow-up 
$— i . solutions of (P) near the blow-up time and their blow-up profiles. If a limit 

U(x) = lim u(x,t) G [0, oo] 

exists for any x G R™, we call U(x) a blow-up profile of u(x,t). For a one dimensional case, Fila- 
Quittner [5] (see also [1]) constructed a backward self-similar blow-up solution: 

U B ( X ,t) = (r-t)-V2(9-l) Vo (( T -t)-l/2 a; ) j 

where £ -BC 2 (R+) is a positive solution of 

Vft - -¥>n / V? ° x =0 in £ G R+, 

^° 2^° 2(g-l) ^ + ' (1) 
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This special blow-up solution us{x,t) has the following blow-up profile: 

U B (x) = c B x- l ^ q - l \ 

As for general blow-up solutions for a multidimensional case with 1 < q < n/(n — 2) if n > 3, the 
author in proved that if a positive x n -axial symmetric solution blows up at the origin in a finite 
time, then its blow-up profile U(x) satisfies 

U(x) = c B (l + o(l))(cos 0)-V(9-i)| x |-i/(9-i) ( 2 ) 

along x n = \x\ cos 8 for any fixed 8 £ [0, 7r/2). Unfortunately the expression (J2J) does not hold on , 
since cos 8 = if x £ cM™ . The purpose of this paper is to derive a formula on dWL corresponding to 
©• 

We recall known results concerning the asymptotic behavior of blow-up solutions of the following 
semilinear heat equation with 1 < p < (n + 2)/(n — 2) if n > 3: 

d t u = Au + u p in M n x (0, T) (u > 0). (F) 

Let i) be a solution of (F) which blows up at the origin in a finite time T > 0. Giga-Kohn 
([3[9l[T0]) derived the following asymptotic formula for blow-up solutions: 



lim sup 

*^ T |x-|<i/(r-i) 1 /2 



{T-tf/^u{x,t) - (p- 1)-V(p-D =0 foroO. (3) 



This description gives the first approximation for blow-up solutions. In their paper, they introduced 
self-similar variables: x = (T — i) 1 / 2 ^, s = — log(T — t) and a rescaled function defined by 

<p(y,s) = (T-t) 1 /(P-V U (x,t). 

The asymptotic formula ([3]) is equivalent to 

lim <p{y, s) = (p- l)" 1 /^!) i n C loc (R n ). 

s— >oo 

Filippas-Kohn [6] and Herrero- Velazquez [15] independently studied the second approximation for 
blow-up solutions for a one dimensional case (see also [H [TJ [21]). Let Hk(y) and (A; = 0, 1, • • • ) be 
the fe-th eigenfunction and eigenvalue of 

H" - -H' + h) = XH 



in L 2 p (R) = {H G L 2 oc (R); f™^ H(y) 2 e~ y2 /4 dy < oo}. It is well known that H k (y) is a fc-th polynomial 
and Afc = (/c — 2)/2. Then one of the following cases occurs ([51 H21 E]) : 

(i) there exists k p > such that 

<p{y, s) = {p- l)-V(P-i) _ KpJ ff 2 (y) s ~i + o( s -i) in L 2 (R), 

(ii) there exist even integer m > 4 and such that 

^(y, s) = (p - 1)-V(P-1) + K H m (y)e- x ™ s + o(e" AmS ) in L 2 (R). 

In particular, the case (i) actually occurs if the initial data is even and monotone decreasing on (0, oo). 
As a further step of this second approximation formula, the blow-up profile for solutions of (F) was 
derived by Herrero- Velazquez ([121 021 El ESI EH [23 ES]). For a one dimensional case, Herrero- 
Velazquez [13] proved that if (i) occurs, then there exists k' p > such that the blow-up profile U (x) 
satisfies 

lim ( r ) U(x) = k' , 
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on the other hand, if (ii) occurs, then there exists k' > such that the blow-up profile U(x) satisfies 

lim x^b-Vutx) = k'. 

In this paper, we investigate the blow-up profile for solutions of (P). Following their arguments, 
we introduce a rescaled solution of (P): 

<p(y, s) = (T- tf' 2 ^u{{T _ tf^y, t), s = - log(T - t). 

This rescaled solution tp(y,s) solves (sy = — logT) 

d a tp = A<p - | • V(p - —— in x (s T , oo), 
d v ip = <p 9 on G cM" x (st, oo). 

Then it is shown in [3] that 

lim ip(y,s) = ifo(y n ) in Ci oc (K!f), 

s— »oo 1 

where fo(y n ) is a unique bounded positive solution of ([I]) (see also [21 [T7])- This formula is equivalent 
to 

U(X, t) = (T- *) V2(9-l) ^ ((T _ t)-V2 Xn ) + o(1) ) ) | x | < v{ T _ £)l/2 

for any z/ > 0. By virtue of the asymptotic formula of </2o(£) : Vo(£) ~ cb^ 1 ^ 9-1 ) as £ — )• oo, we 
formally obtain 

U(x) = c B (l + o(l))x- 1 /^- 1 l 

This formal argument was justified in [11]. As is stated above, this formula has no meaning on cM" , 
since the right-hand side diverges on dWl. To obtain the blow-up profile on dWL, we need to derive 
more precise large time behavior of a rescaled solution tp(y,s), that is the second approximation 
formula. To do that we introduce a new function 

v{y,s) = <p(y,s) - ¥o{yn) 

and study the large time behavior of v(y, s). Then v(y, s) solves 

d s v = Av---Vv-— - — - in Wl x (0, oo), 

2 2(q-l) + y ' h ( 4 ) 

3 v v = qifl~ l v + 0{v 2 ) on <9IR™ x (0,oo). 

A corresponding eigenvalue problem is given by 

AE---VE- , E - ) = XE inM™ 

2 2(9-1),/ +' (5) 

d u E = q<p%~ 1 E ondRl. 
Let Ei(y) G L?(W^) be the i-th eigenfunction of ([5]), where L 2 (W^_) is a weighted L 2 -space defined by 

Ll(Rl) = \v G LURl); \\v\\l 2(Rn) := [ \v(y)\*e-M a '*dy < oo) . 
The first result in this paper is a classification of the large time behavior of v(y, s). 
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Theorem 1.1. Let u(x,t) be a positive x n -axial symmetric solution of (P) which blows up at the 
origin and v(y, s) be given above. Then one of two cases occurs. 

(I) there exists u q > such that \\v(s) — i/ q s~ 1 £\\ L 2^n* ) = o(s~ 1 ), 

(II) there exist c > and 7 > such that \\v(s)\\l 2 (r^_) — ce~ ls , 

where £{y) is the eigenfunction of © with zero eigenvalue, which is defined in (|42P . 

The second result gives a partial answer to our motivation. 
Theorem 1.2. Letu(x,t) and v(y, s) be as in Theorem W.W Additionally we assume that 

x ■ V'uo < 0. 

If the case (I) in Theorem 11.11 occurs, then the blow-up profile U(x) £ C(Wf \ {0}) exists and there 
exist positive constants c\ < C2 such that 

( I log \x'\ I \ 1/2(<?_1) / 1 log: WW \ 1/2(q - 1] 

ci(^P) <U(\x%0)<c 2 for\x>\<l. 



Remark 1.1. The author in [TT] proved that if the initial data uq is x n -axial symmetric and satisfies 

x' ■ V'u < (V u ^ 0), d n u < 0, (a) 

then v(y,s) actually behaves as the case (I) in Theorem II. 11 As for the case (F), if the initial data is 
radially symmetric and monotone decreasing, then those properties are preserved for t > 0. Therefore 
the solutions has a unique local maximum point at the origin for t > and no local minimum points for 
t > 0. From the view point of this geometry of the solution, it is easily proved that the rescaled solution 
(p(y,s) satisfies the asymptotic formula (i). However this kind of observation can not be applicable to 
solutions o/(P), since solutions treated here are not radially symmetric. 

We explain our strategy of the proof for Theorem 11.11 and Theorem 11.21 Our argument mainly 
consists of three steps. In the first part, we regard (HJ) as a dynamical system on the Hilbert space 
L^(M™ ) and study the large time behavior of v(y, s) in L^(M™ ). To do that we expand v (y, s) by using 
eigenfunctions of ([5]) as follows: 



v(s) = J2a l (s)E l mL 2 p (Rl). 



i=l 

Here we determine the large time behavior of the coefficients aj(s). Each coefficient aj(s) satisfies 
some ordinary differential equations. We will see that these ordinary differential equations are finally 
reduced to well understood ordinary differential inequalities discussed in [6], and this proves Theorem 

In the second step, we assume that v (y, s) behaves as the case (I) in Theorem 1 1 . 1 1 and investigate 
the large time behavior of v(y,s) along \y\ ~ s 1 / 2 on dWL. This step is crucial and much harder 
than the first step. The first step provides the precise decay rate of v(y,s) on L^W^), however the 
convergence is taken in a local sense. Hence in the original valuable (x,t), the following asymptotic 
formula: 

u(x,t) = (T - i)-V%-i)^((T - ty^x^logiT - t)) 
= (T - £)-V%-l) (^((T - tr^Xn) + 0(1)) 

holds only for a small region |x| < v(T — t) l l 2 for any v > 0. Arguments given in [13] . |15] revealed 
that the convergence in this small region is not sufficient to extract information of the blow-up profile 
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of solutions of (F). In particular for a one dimensional case, they proved that if an initial data is 
nonnegative, symmetric and nonincreasing, then the solution u(x, t) satisfies 

lim(T - t) x '^u{z{T - t) 1 / 2 ! log(T - t)\^ 2 ,t) = ((p - 1) + i^ 2 )~ 

in Ci oc (R). Unlike this case, we do not know whether this limit exists for solutions of (P). However 
we will see that there exist 9 > and < A- < A+ such that 

A _ < (T-t) l l 2 ^- 1 \{z{T-t) 1 ' 2 \\og{T-t)\ 1 /\t)\ dn <A + for \z\=9. 

Finally in the third step, we determine the singularity of the blow-up profile. To do that we 
introduce another rescaled function: 

v s (x, t) = e- ms u(e- s/2 x + d^e~ s/2 e, T + (t - l)e~ s ), 

where s 3> 1 is a parameter and e = (1, 0. • • • ,0). We establish a uniform pointwise estimate of v s (x, t) 
with respect to ,§ > 1 and t 6 (0, 1). As a consequence of this uniform pointwise estimate, we can 
derive Theorem II .21 

The rest of this paper is organized as follows. In Section [2J we provide eigenfunctions and eigenval- 
ues of ([5]) and establish the global heat kernel estimates of the linearized equation. Moreover we give 
a representation formula of solutions of the linearized equation. Section [3] is devoted to study the large 
time behavior of v(y, s) in L 2 (R" ). In particular, an exact decay rate of v(y, s) in L 2 (M™ ) is derived. 
In Section^ we obtain a refined asymptotic formula of v(y, s). Then the large time behavior of v(y, s) 
along \y\ ~ s 1 / 2 on dWl is discussed, which is a crucial part in this paper. Finally in Section [5l we 
study the blow-up profile by applying the arguments given in [13j[22]. In Appendix, some inequalities 
and some properties of the linearized operator are discussed. 



2 Preliminary 

Throughout this paper, for simplicity of notations, we put No = N U {0} and 

m = l/2(q - 1). 

Let u(x, t) be a solution of (P) which blows up at the origin in a finite time T > 0. To study the 
blow-up behavior of u(x,t), we put st = — logT and 

V (y,s)=e- ms u(e- s / 2 y,T-e- s ). 

Then ip(y, s) satisfies 

y 

d s ip = Atp — — ■ \7tp — nvp in x (sy, oo), 

d„<p = <p q on dW r l x (s T , oo), (6) 

v(y,s T ) = T m u (T 1 / 2 y) mR n + . 

It is known that if 1 < q < n/(n — 2), ([6]) admits the unique bounded positive stationary solution 
V ? o(2/n) depending only on y n -variable, that is a positive solution of 

{<Po ~ l^o - m( fo = in £ G R + , 
cW> (0) = Mo) 9 - 

The existence and the uniqueness of this equation are shown in Lemma 3.1 of [S] and in Theorem 3.1 
of [3], respectively. For the rest of this paper, we put 

B = ^po(0). 

Here we recall the fact concerning the asymptotic behavior of <p(y, s). 
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Theorem 2.1 ([2], Theorem 3.2 in [3]). Let <p(y,s) be defined above. Then ip(y,s) is uniformly 
bounded on W±_ x (st, oo) and (p(y,s) converges to (po{y n ) as s —> oo uniformly on any compact set in 
R™. 

A boundedness of (p(y,s) is the first step to study the large time behavior of ip(y,s). Once 
the boundedness is assured, from the energy identity, we immediately obtain ip s (y,s) — > as s — > 
oo. Furthermore as a consequence of a boundedness of (p(y,s), a boundedness of spacial and time 
derivatives of <p(y, s) are also derived. 

Lemma 2.1. Let (p(y, s) be as in Theorem 12. 11 Then for any 5 > there exists c$ > suc/i that 
]T |£>>(y,s)| + (1 + |j/|)- 1/2 |9^(y,a)| < c s for (y, a) € R™ x (s T + «5,oo), 

l«l<2 

where D represents the spacial derivatives. 

Proof. The proof follows from the argument in Proposition 1' of [8]. Since their proof relies only on 
the scaling argument, the argument can be applicable to (P). □ 

To derive the second approximation for ip(y, s) as s — > oo, we set 

v(y,s) = ip(y,s) - ip {y n )- 



Then v(y,s) satisfies 



y 

d s v = Av — — ■ Vv — mv in R" x (st, oo), 

d v v = qB q ~ l v + f(v) on x (s T ,oo), ( 7 ) 

v(y,s T ) = ip{y,s T ) - Po(y n ) mR^, 



where f(v) is given by 



f(v) = (v + B) q - B q -qB q ~ l v. 
Then since ip(y, s) is positive and uniformly bounded on R™ x (st, oo), we easily see that 

f(v) = qiq ~l )B9 ~ 2 v 2 + 0(v 3 ), \f'(v)\<c'\v\ (8) 

for (y, s) 6 R™ x (s^, oo). We define the linear operator A associated with and its domain by 

Av = ^A — ^ • V — m^j v, 
D(A) = {v£ ^(R+); d v v = qB^v on dM.%], 
where fl^(R") is a weighted Sobolev space defined in Section [2~T1 

2.1 Linear operator A 

Here we consider the following eigenvalue problems: 



A - | • V - m) £ = A£ in R™ . 
d u E = qB q ' l E on<9R™. 

We define a wight function: 

p{y) = e~ M2/4 . 



(9) 
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Then it is clear that p{y') = — e l^'l 2 / 4 on cM" . Moreover we define functional spaces: 

[ JR™ J 

#J(R") = {ve Lj(R+); e for any a = (ai, ■ ■ ■ , a n ) satisfying \a\ < k} , 



L?(dRi) = L € if oc (» n + ); / 



The norms are given by 



;|I 2?(r?) = / Hv)\ p p(y)dy, \H 2 H k iwl) = ll^ll^i 

\a\<k 



I IIP 



in) = [ Hy')\ p p(y'W 

and the inner product on L^(M™ ) is naturally defined by 

(vi,v 2 ) p = v 1 (y)v 2 (y)p(y)dy. 



+ 



For simplicity, the norm of L^(R") is denoted by || • \\ p = \\ ■ ||l2(r«). Since the operator A: D(A) — > 
L 2 (]R™) is self-adjoint and has a compact inverse from L 2 (]R™) to L 2 (]R™) (see Appendix), L 2 (M™) is 
spanned by the eigenfunctions of ©. Let Hk(Q be the /c-th Hermite polynomial defined by 

# fc (£) = (-l)^ 2 |l(V« 2 ) (fee No) 

and set -fffc(£) = CkHk(£,/2), where Ck is a normalization constant such that i?fc(£) 2 e _ £ 2//4 ci£ = 1. 
From classical results, it is known that satisfies 

#[' - ti# I = =H h in R. 



Moreover let and (fc 6 N) be the fc-th eigenfunction with J °° -/&(£) 2 e £ 2//4 (f£ = 1 and the /c-th 
eigenvalue of 



j" _ _/' ) 



(10) 



and a be a multi-index: 

a = (ai, • • • , o n ) £ A := Nq" 1 x N. 
Then the eigenfunction E a (y) of @ and its eigenvalue X a are given by 

n-l 

#a(z/) = H ai (yi) • ■ ■-Ha n _i(2/n-l)ia„(yn), <^a = ^ + «a n + "I- 

i=l 

Here we recall a classical result about some special functions (see Lemma 3.1 in [S]). 
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Lemma 2.2. Let £>(£) G L^(M + ) &e a positive solution of 

- [b" - = fib in M+ (/i < 0) 

and set 

1 f°° 

U(a,a',r) = — e^H^^l + tf'^dt (a,r>0), 
r ( a ) Jo 

where T is the Gamma function. Then there exists c\ > s-uc/t i/iai &(£) is expressed by 

b(0 = c l U(-n,l/2,e/4)- 
By using this formula, we compute the first and the second eigenvalue of (|10p . 
Lemma 2.3. Let m be the i-th eigenvalue of ()10p . Then it holds that 

K\ = — (m + 1), K2 > 0. 

Proof. Since ki is the first eigenvalue of (fT0|) . it is characterized by 

K\ = inf — — t. . 

This implies «i < 0. Therefore by Lemma 12.21 there exists c\ > such that the first eigenfunction 
h(0 is given by 



Ii(0 = ciU(- Kl ,-, 4 



From (3.8) in [5], we note that for a > 



Therefore we obtain 

d„/i(o)//i(o) = (-Ki)r ( -«! + ^ /r(-Ki + 1). 



2, 

On the other hand, we recall from the proof of Lemma 3.1 in [5] that <£>o(£) is written by 



/(ff-i) /r^ + i/^n 1 /^- 1 ) 



^ = ^7^1 r(m + l) ' U(m,l/2,t/4). 



Then by using (fTTj) . we get 

gB 9 " 1 = ^o(O) 9-1 = gmr + /T(m + 1). 
Therefore since <9i,ii(0) = qB q ~ 1 Li(0), k\ is determined by 

gmr hn + M /T(m + 1) = (-Aci)r \-k x + M /T(-«! + 1). (12) 
First we claim that (|12|) admits at most one root. We set 

5 (A) = Ar(A + i)/r(A + l) (A>0). 



By T(A + 1) = Ar(A), it follows that 



Hence from the property of the Gamma function (see p. 4 in [H]), g(X) is strictly increasing function 
for A > 0, which shows the claim. To assure k\ = — (m + 1), we substitute A = m + 1 in (j 1 3 [) : 

g(m + 1) = T (m + ^ /T(m + 1) = + T + /T(m + 1) 

= qmT + — ^ /T(m + 1). 

Therefore we conclude that «i = — (m + 1). Next we show that k 2 > 0. We suppose k 2 < 0. For the 
case K2 < 0, by the same way as above, the second eigenfunction 12(C) is given by 



h(0=J 1 u(-K2,^, 



for some 7^ 0. Hence it holds that /2(C) > 011 ^+ or ^(C) < 011 However this contradicts 
Jq 00 Ii(£).Z2(£) e_ ^ ^ 4 ^£ = 0. For the case K2 = 0, we easily see that 



(e-^4(e))' = 0. 



Integrating over (0,£), we obtain / 2 (£) = —QB q 1 /2(0)e^ 2//4 and 

/ 2 (e) = / 2 (0)-^" 1 / 2 (0) /V^t. 

JO 

Hence it follows that I2 Lp(K), which is a contradiction. Thus the proof is completed. □ 

From the above facts, the operator (—A) has two negative eigenvalues —1 and — 1/2 and zero 
eigenvalue. 

2.2 Linear backward heat equation with Robin type boundary conditions 

Here we study the following linear parabolic equation: 

d s v = Av - I • Vv in x (0, 00), 
d u v = Kv on <9R™ x (0, 00), 

where K is a positive constant. When K = qBi -1 , this equation coincides with the linearized equation 
of © around ipo . Let and fix < be the first positive eigenfunction with 6^(0) = 1 and the 

first eigenvalue of 

b" — 7^'^ = m 
d„b(0) = Kb(0). 

Then by Lemma 12.21 with (|lip . we find that 6ft- (£) is written by 



b K (0 = ( v ^ ' L \ U(-p K , 1/2,^/4) 

/"OO 

= c K / e^/V^U + ty^+^dt, 
Jo 
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where ck = T(—[ik + V^Vv^-'-X— ^k)- To estimate the above integral we change variables s = £ 2 t 
and integrate by parts, then we get 



/>oo 

MO = c K ^ K / e-^s-^- 1 (1 + C 2 s)' 
Jo 

roc 

Jo 



Here we fix Kq > 1. Then there exist two positive constants C\ < C2 such that C\ < — [Ik < C2 for 
i^o" 1 < K < Kq. Therefore there exists Cq > such that 



sup 

i4" ( 7 1 <X<A' "'0 

As a consequence, we obtain for Kq < K < Kq 

b K (t)<C Q c K e» K . 

Furthermore since &a"(0) = 1 and b' K (0) = —K, there exists C > such that 

sup sup b K (0 < C . (14) 

A' - 1 <X<X 0<?<1 

Combining the above estimates, we obtain the following lemma. 

Lemma 2.4. For any Kq > 1 there exists c = c(Kq) > such that for Kq 1 < K < Kq 

MO < c(l + 6 2MA " for^l+. 
Next we compute b' K (£) /frx(0 and b" K {£) /bxiQ- By using integration by parts, we get 

tf K g) = [°° e-^/H-^il + ty^+^alt 

J e~^ 4 {t~^{l + t)- l l 2+ ^) dt 



2c K 



£ Jo 

2 -f f e ^ + (1 - ^) ,--(1 + r 



Hence it holds that 

1^(01 < i + 4|/M 



mo - e ' 

Here we again fix > 1- Since \hk\ < c for £ (0, Kq), there exists c > such that 

sup sup WW 

0<A<A £>1 V "A-UJ / 



Repeating the above argument, we see that 



K(0\ 



sup sup K ) < c'. 

0<K<K f>l \ Ok{Z) 



Furthermore by the same way as (j!4)) . we obtain 



0<A<A £<1 V MS) 



Therefore we conclude the following lemma. 
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Lemma 2.5. Let Bk(£) = (£)• Then for any Kq > 1 there exists c = c{Kq) > such that 

sup sup (B K (0 + \B' K (0\) <c. 

We introduce another function: 

wk{v,s) = e^ KS v(y,s)/b K (yn)- 

Then wk(u,s) satisfies 



(15) 



d s w K = Aw K - - • Vwr + 2B K (y n )d n w K in x (0, oo), 
d u w K = on <9M™ x (0, oo) 

where the coefficient BxiVn) is given by 

First we construct a heat kernel r^y, £, s) of (|15p and provide time local heat kernel estimates. Let 
i £'j s ) be the heat kernel of 

<9 S 6> = MO - y~ ■ V9 in M™- 1 x (0, oo), 

which is explicitly given by (c.f. p. 141 in |15j ) 

/nM/2/ ! x(n-l)/2 ^ 1^-/2-^^ 
7 (»»?»*)= 7Z 1 =T exp 



^vr/ Vl-e~V \ 4(1 - e~ s ) / 

Now we construct a heat kernel "Yk(z, (,s) of 

\d s $ = $ zz -^ z + 2B K {z)$ z inM + x (0,oo), 

{ 2 ( 16 ) 

[dv'd = on z = 0, s G (0,oo). 

Let $k(z, s) be a solution of (fTU|) and put 

C^(x, t) = $ K ((1 - t)~ 1/2 x, - log(l - t)) (x G R+). 

Then Uk{x,£) solves 

( dtU = U xx + 2 ( ^== ) U x in M+ x (0, 1), 
^JJ = on x = 0, t G (0,1), 



where Bx(x,t) = Bj^{xj\f\ — t). Let Go(x,£,t) be the standard heat kernel with the Neumann 
boundary condition on R + given by 

Go (x,C,t) = -L= ( e -l*-CI 2 /4* + e -l-+CI 2 /4*- 
V47rt ^ 

It is known that by the Levi parametrix method (see pp. 356-363 in [H]), (|17p admits the heat kernel 
Gk(x, Cj £> T ) which has the following form: 

Gk(x, C, *, t) = G (x, C, * - r) + fe(x, C, t, r), 
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where Gk(x, C> ^? r ) is given by 

/*oo 

da J G (x,rj,t- a)Q K (rj,(,o;T)dr) (18) 
and Qk(j\i C> °"> T ) is a unique solution of the integral equation of 

/t rco 
dv J F K (ri,ii,o,v)Q K {ii,C,v,T)dii 

with 

F K ( V , C, a, r) = 2 (^==) 9,G (r?, C, - r). 

Here we put 



/i^rt V V 4(l + e)ty V 4(l + e)t, 

and fix three constants 

#0>1, £0 6(0,1), <t*g(0,1). 
Then by Lemma 12.51 for any a £ (0, 1) there exists c = c(a) > such that for G (0, Kq) and e > eo 

\F K (rj,(,a,T)\ < c I _ I , 

1^(17, C, ff, r) - C, r)| < c f ^'^H (G§(»7, C, a - r) + G§(j/, C, a - r)) 

for 77, C S and < r < a < a*, where ai = (1 + a)/2. Hence by the same calculations as in pp. 
360-363 in [19], for any a' G (0, 1) there exist c = c(a') > such that for K G (0, Kq) and e> eq 



\Qk(v, C, <t,t)\< ^J=G ( V , C,cj-t) 
yja - T 

\Q K (v, C, a, t) - Qk(v'i C,<t,t)\<c( J (Gofo C, <? - r) + G£(r/, C, a - r)) 



(19) 



for 77, C G K + and < r < cr < <r*, where a' x = (l + a')/2. Therefore by the same way as in pp. 376-378 
in [19], we find that for any t„ G (0, 1) there exists c = c(i*) > such that for any K G (0, Kq) and 

e > eo 

\tf x g K (x, C, t, r)| < c(t - T^-WGftx, C,t-r) (i = 0, 1, 2), 

(20) 

\d t g K (x, C, t, r)| < c(t - t)-^ 2 GI(x, (,t-r) 
for x, C G M+ and < r < t < t*. Moreover from (fTSj) and ([19]), a direct computation shows that 

lim d x G K (x, C, t,r) = for C G !+, t > r > 0. (21) 

Therefore we fined that GK(x,C,t,r) satisfies (fT7]l for < r < i < 1. Moreover from ([20j) . it holds 
that for / G BC(R + ) 

roc roc 

lim/ G K (x,(,t,T)f(()d( = lim Go(x,(,t-T)f(()dt = f(x). 

As a consequence, Gk(x,C^^ t ) turns out to be the heat kernel of (|17|) . Going back to the variable 
(z, s), we obtain the heat kernel of (|16p : 



7^(2, C, s) = G K (e- s ' 2 z, C, 1 - e" s , 0) . 
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Then from (f20j) . for any s* > there exists c = c(s*) > such that for A G (0, Ao) and e > eo 



, ze 



exp 



-/2_ C ) 2 \ / ( ze -,/2 + C ) 2 \\ (22) 



+ exp 



(1 _ e -sy/2 1 y A(l + e )(l - e- s ) J ' * ^ 4(1 + e)(l - e" s ) 
for z,( 6 R + and sG (0,s«). Since the heat kernel Tk{v, £, s) of (fT5j) is given by 

r/<(y 5 £, s ) = 7'(y'> £'> s)^K(yn, €n, s), 

summarizing the above estimates, we obtain the following lemma. 

Lemma 2.6. For any Kq > 1, eq > and s* > there exists c = c(Kq, eo, s*) > swc/i £/ia£ /or 
K G (0, A ) a™d e > e 

r r , W c / \y'e-^-e\ \ ( ( (ze-^-C) 2 \ 



(1 - e ~ s ) n l 2 
+ exp 



[ze 



s/2 



4(1 - e" 

+ c) 2 



4(l + e)(l-e- s ) 



4(l + e)(l -e~ s ) 
for y,i G Wi, s G (0,5*). 



As a consequence of this heat kernel estimate, we obtain U-LP type estimates. Here we define 
another weighted L p -space: 



w\\l p Kp (ud = L Mz/)l p M2/n) p(z/)rfy- 



Lemma 2.7. For any Ao > 1, p,r £ (1, oo), <5 G (0,p— 1) and s* > i/iere exists c = c(Kq,p, r, s*, 5) > 
stic/i £/ia£ /or A G (Aq -1 , Aq) and s G (max{0, log{(r — l)/(p — 1 — 5)}}, s*) 



iW,e,«)Me)|d£ 

rW,£', s )K(OK 



< C (l- e -)- B/ *IK||i^ (R ?)J 



^^l-e- 5 )-^- 1 ^ 1 / 2 )!!^!!^^). 



L£(9K«) 



Proof. Let y' G cM™ and p' > 1 be a dual exponent of p. Prom the Holder inequality, we easily see 
that 



T K (y',Z,s)\w (O\dti< IKIU 



e l«| 2 /4p 



1/p' 



iW.MMOl^ < IholkcaRj) ( / (rW,£', s ) e 

Here we note that 

\ y ' e s/2_^ |£/|2 p-(l- e - 



(23) 



4(1 - e~ s ) 4p 4p(l - e" s ) 



pe s / 2 y' 



p — (1 — e 



4(p-(l-e-)) 



(24) 
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and 



£2 



So 



£2 



4(l + e)(l-e~ s ) 4p 4p(l + e)(l-e" 
Therefore we apply Lemma 12.61 with e = (p — l)/2 to get 



(p-(i + e )(i-0). 



Jm.1 



I5I 2 /4p 



M£n) 2 /*> 



(1 — e -s)n/2p 



exp 



p'e 



r\2 



2 P 1 



(1 _ e -s)(n-l)/2p+l/2 



exp 



4(p-(l-e--)) 

p' e -S|y'|2 

4(p-(l-e-)); ' 



where we used bxiyn) < c(l + y n ) 2 ^ K for K G (K , Xq) ( see Lemma l!T4"|) . From these estimates, we 
obtain 



/ iW,£,s)K(e)K: 

[ T K (y',C',s)\w (a\de < 
Jam 



(1 — e -s)n/2p 



exp 



4 (p_(i_ e -))J H^lkpW 



exp 



Moreover we note that 



re s |y'| 2 



(1 _ e -s)(n-l)/2p+l/2 

|y'|2 /(p_l)_( r _!) e 



4(p-(l-e-))) IKIIi ?W 



4(p-(l-e- s )) 4 
Then it holds that for 5 € (0,p - 1) 



4(p-(l-e-*)) 



ll/l 



/|2 



(p - 1) - (r - l)e" s > 5 if s > log 



r- 1 
p-1-5 



Hence it follows that 



T K {y',t,s)\w (Q\dt 
r K (y',^,s)\w ^M 



< 



IKII« 



< 







C^-("-l)/2r 
(1 — e -s^n/2p 

Q H w - 1 >/ 2r 

(1 _ e -s)(n-l)/2p+l/2 



for s > log{(r — l)/(p — 1 — 5)}, which completes the proof. 



□ 



Next we provide time global estimates of jk(z, Cj s ) to establish time global estimates of Tx(y, £, s). 
We fix 6 E (0, 1) such that (1 - 6) 2 /0 2 = 2 and set 



A(z,C,s) 



1 



(l_ e - S )i/2 
Then A(z, C, s) satisfies for £ £ M+ 



exp 



»/2 _ 0£|I 



4(1 - e- 



+ exp 



ze 



«/2 + ^|! 



4(1 - e- 



a s A = A 22 - -A 2 in R+ x (0, oo), 



A, = 



on z = 0, s£ (0, oo). 



(25) 
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Lemma 2.8. For any Kq > 1 there exists cq = cq(Kq) > such that for K G (0,Kq) 

1k(z, C, s) < c (l - e~T 1/2 ^ z, C, s > 0. 

Moreover for any Kq > 1 i/iere exists c\ = c\(Kq) > such that for K G (0, Kq) 

1k(z,(,s) < cxA(z,C,s) 
for z G (0, (0C - 2)e s / 2 ), C € {2/9, oo) and s > 1. 

Proof. We fix eo = s* = 1 in ([22]) . Then there exists cq > such that for A G (0, Kq) 

7k{z, C, s) < c (l - e" 5 )" 1 / 2 for s G (0, 1). 

Since a constant function $(z, s) := cq(1 — e" 1 ) -1 / 2 is a solution of (|16p . from a comparison argument, 
we obtain 7k(z, C> s) < s) fo r s > 1- Since (1 — e -5 ) -1 / 2 > 1 for s > 0, it holds that Jk{z, C> s ) < 
co(l — e _1 ) _1 / 2 (l — e~~ s )~ l l 2 for s > 1, which show the first statement. Next we show the second 
statement. Since (1 — 9)/9 = y/2, we note that 

< 9(e s / 2 - z < 9(e s / 2 < -?—{(e s / 2 - z) = -^((e s / 2 - z) forz<9(e s / 2 . (26) 

1 — 9 y 2 

We fix e = s* = 1 in ([22]) again. Then by ((25} and ((55}, we see that 



(l_ e -i)i/2^^ 8(1 -e- 1 ) J 

2c / | ze -i/2_g C |2 \ (27) 

- (i _ e -l)i/2 ex P ^l-e- 1 ) J 

<4cA(z,C,l) forz<0Ce 1/2 . 

By definition of A, there exists a\ > such that 

A((9(-2)e s / 2 ,(,s) > (1 _ e „ 5)1/2 >oi for CG (2/0,oo), a > 1. 



From the first statement, we can define 



a 2 = sup sup jk(z, (,s) 

s>1 . 



Hence we obtain 
Now we claim that 



lK ((9(-2)e s ' 2 X,s) < ( ^ ) A((9(-2)e s ^,(,s) for £ G (2/9, oo), * > 1. (28) 



A,(z,C,s)>0 (29) 
for z G (0, (0C - 2)e s/2 ) and C G (2/0, oo). By definition of A, we see that 



A , , . e~ s / 2 9(-ze~ s / 2 ( \ze- s l 2 -9CX' 
Az{z,(,s) = jz — r - . = exp 



(l-e~ s ) \ 2Vl-e~ s \ 4(1 -e- 



0C + ^e" s / 2 / |ze- s / 2 + 0C| 2 



2vT^^' eXP \ 4(1 -e-) 



(30) 
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Then we observe that 



Let Ci = #C - ze~ s / 2 /2^l - e~ s and ( 2 = 9( + ze" s / 2 / 2 Vl - e~ s , and set g(() = Qe'^ . Then is 
rewritten by 

1 — e 4 

_ OC-ze-'/ 2 > 9(-(9(-2) 1 > 1 

1 2V1 - e" s ~ 2V1 - e~ s \/\ - e~ s ~ 

for z E (0, (0£ ~~ 2)e s / 2 ) and C € (2/9, oo). Since g(£) = Qe"^ 2 is monotone decreasing for £ > l/\/2, 
it follows from (j < Q 2 that 

A z (z, C, s) = (<7(Cl) - 5(C 2 )) > 

1 — e s 

for z G (0, (0£ — 2)e S//2 ) and £ G (2/9, oo), which shows the claim. Therefore since b' K (z) < 0, it holds 
from pj]) that 

BtfrCOA^C,*) = (^y) A ^.C,*) < 
for z G (0, (9C-2)e s / 2 ) and ( G (2/0, oo). Therefore since A(z, £, s) satisfies ([25]) for £ G M+, we obtain 



5 S - % z + -d 2 - 2B K (z)d z ) A(z, C, s) > 

for 2 G (0, (9( - 2)e s/2 ) and C G (2/9, oo). Here we apply a comparison argument in an expanding 
domain Q = {(*,*);€ M+ x (l,oo);z G (0, (9( - 2)e s / 2 )} for ( E (2/6, oo). From (gZD and ([25]), we 
conclude that 

jk(z,(,s) < max {4c, a 2 /ai} A(z, (, s) for (z, s) G Q, 
hence the proof is completed. □ 

Finally we provide time global L°°-L 2 K estimates of solutions of (|15|) . 

Lemma 2.9. For any Kq, R > 1 there exists c = c(Kq,R) > such that for K G (0, Kq) 

f ( e~ s \y'\ 2 \ 

T K (y,£,s)\w (0\dt < cexp ^ — + e _ a ^ J IKL|^(]r») 



/or y = (y',y n ) G R n_1 x (0,R) and s > 1. 
Proof. We note from (|23p that 



r^(y,^s)|u;o(C)l^ < IKHls (h») I / 7(2/, f, s) 2 

2 \ V2 



l€l 2 /8 



Then by using (f24"|) . we get 

/ i(y',£',s) 2 iK(y n ,(,n,sY 
Jw.™ 



e l€| 2 /8\ 2 / I \(»-l)/2 

de< C i 



^(Cn) y V 1 - e 

2aT^)Jy 1K{Vn ^ s) mc? 
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Fix Kq > 1 and let 9 G (0, 1) be as in Lemma 12,8} which is defined by (1 — 9)/9 = \/2. Then since 
bx(C) is positive on with bx(0) = 1, there exists c = c(Kq) > such that 

sup sup bxiC)" 1 ^ c - 
Ke(o,K o )Ce(o,3/0) 

Therefore from the first statement of Lemma 12.81 we obtain 

c 



f 3/d 2 ( e C ' /4 \ 

Jo 7KiyM [b^W 



Next we estimate the rest of integral over (3/9, oo). Here we note that 

\y n e~ s / 2 - 9(\ = 9C- yne~ s/2 > 6( - ^ = |fl< 
for y„ G (0,e s / 2 ) and £ G (3/0, oo). Then we apply the second statement of Lemma 12.81 to obtain 

3/0 VMCr / (1 - e 7 3/0 



xexp(- ,) V 

9(1 -e-) J \ b K (C) 2 



< - 

~ ( 



for y n G (0,e s / 2 ) and s > 1. Here applying Lemma [2.101 with tOo(C) = e ^^^e^^/bx^) 2 and 
combining the above estimates, we obtain the desired estimate. □ 

Lemma 2.10. For any M, R, Kq > 1 there exists c = c(M, R, Kq) > such that if 

K(C)IMC) 2 e^ 2 / 4 dC < M, 



then it holds that 

poo 

/ lK (z,(,s)\wo(()\d(<c far *e (0,12), s>l. 
Jo 

Proof. We set 

fOO 

■& K (z,s)= j K (z,C,s)\w (Q\d(. 



Then $k(z, s) is a solution of (fTB]) with the initial data |ioo(^)|. Multiplying (fT6|) by bx(z) 2 e z2//4 and 
integrating over (0,oo), we obtain 



d s / $ K (z,s)b K (z) 2 e- z / 4 dz = 0. 
Jo 

Hence by assumption and fix > 0, it follows that 

roc 

\$ K (z,s)\b K (z) 2 e- z2/A dz = / \w (z)\b K (z) 2 e- z2/4 dz < M. 



As a consequence, for any R > 1 there exists c = c(12) > such that 

•R+l 

«e(o,oo) Jo 



rR+l 

sup / |tf^(z,s)|<iz < cM. 
efo.oowo 
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Hence by a local L^-estimate for parabolic equations, we obtain 

rs+l/2 r-R+1 

sup sup \"&k(z, s)\ <c sup / d\i I 

K£(0,K ) z£{0,R) Ke(0,K )Js-l/2 J 

for s > 1, which completes the proof. 

2.3 Representation formula 

Here we provide a representation formula of solutions of 

y 

d s v = Av — — • Vi> — mv + g\ (y, s) in x (0, oo) 



|0jr(z,/z))|dz < cM 



□ 



c^w = Kv + g 2 (y',s) 
v(y,0) = v (y) 



on OWL x (0,oo), 



(31) 



m 



where if is a positive constant. Let &R-(y n .) and /i^ be introduced in Section [2T21 and set WK{y,s) 
v(y, s)/bK(y n )- Then since bx(0) = 1, we easily see that WK(y,s) solves 



d s w K = Aw K - - • Vwk + 2B K (y n )d n w K 



m + Hk)w k + [ ,1 ' 8 \ inR"x(0,oo), 



d v w K = g2(y',s) 
w K {y,$) = v (y)/b K {yn) 



bK\y n ) 



on dM.1 x (0,oo), 



m 



Define 



JO VJR™- 1 / 

P 2 (y, s) = f e-^+^g K (e-^y n , 0, M , 0) ( f 7 (y', M )<fc s - /z)^' 



Then it is known that (cf. p. 173 in pQ) 



lim d n Pi(y,s) = -g 2 {y',s) 



On the other hand, from (|20p and (|21|) . we see that 



lim d n P 2 {y,s) = 0. 



Hence by definition of Tk(v, s, fx), we find that 



lim d n 

y n ->o 



-(m+fj, K )(s-iJ,) 



d\i \ T K (y,£',s - n)g 2 (€! , n)d£ 
J dm 



lim d n (Pi(y,s) + P 2 (y,s)) = -g 2 {y',s). 



Due to this fact, we obtain a representation formula of a solution of (|32 [) . 
w K (y,s) = e~( m+ ^ s [ T K (y,Z,s) (^r) d£ 



+ 



-(m+p K ){s-ti) 



dfif r K ( y ,t,s-v)( 9 1 ^)d(i 

JR™ V b K{C,n) J 



+ f S e^ m+ ^ s -^dfx [ r K (y,?,8- p)«fc(f»de / . 



(32) 
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For simplicity of notations, we define 

T K (8,fi)h= [ T K (;?,8-(l)htf)<£. 

Since wk(u,s) = v(y, s)/bx(yn), a representation formula of a solution of (|3T]) is given by 
( = e -(m+m)s SK{s) /" e -(m+^)(-A.) 

\b K ) \b K ) J (33) 

x (s k (s-il) +Tk(s^)92(^ dfi. 

2.3.1 Comparison argument 

Here we provide a pointwise estimate of solutions of (|34p by using a representation formula (|33p . 

(9 s -u < Aw — — • Vt; — mv + gi(y, s) in R™ x (0, oo) , 

< K(y',s)v + g 2 (y',s) on <9R™ x (0, oo), (34) 

v(y,0)<v (y) inR™. 

For the case K(y' , s) = Kq with some positive constant Kq, by using a solution of (|3ip as a comparison 
function, we obtain from (l33l) 



J \ b KoJ JO , OK s 

( (9\{)\ \ 

x is Ko ( s -fi) j +Ta (s,/^)92(^)J d^- 

For the case K(y',s) £ L°°(cM™ x (0, oo)), we use the following solution as a comparison function. 

- y - 

d s v = Av — — ■ Vv — mv + \gi(y, s)\ in K™ x (0, oo), 

5^ = JT u + |£fts(l/, «)| on dR r j x (0, oo), 

v(y,0) = \vo(y)\ in R™, 

where = s )IU°°(aR"x(o,oo))- By a comparison argument, it is easily shown that v > 0. Hence 

it follows that 

d u (v -v) = K(y', s)(v -v) + (K - K{y'))v > K{y', s){v - v). 
Then by using a comparison argument again, we get 

v(y,s) < v(y,s). 

Therefore we apply (J33j) to obtain 



v(s) 
bK 



e 



-(m+n Ko )(s-fi) 



x ( S Ko (s-v) ( ) +TKo (s,ri\g 2 M\ ) dix. 



(36) 
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3 Dynamical system approach 

In this section, we study the asymptotic behavior of solutions of ([7|). Our argument is based on the 
argument in [6]. By using Lemma lA.ll we slightly simplify their arguments. Let v(y, s) be a bounded 
solution of d?D converging to zero in L^(R") as s — > oo. We expand v(y,s) by eigenfunctions of Q: 

v(s) = Y,a a (s)E a mL 2 p (Rl), 

a 

where a a (s) = (v(s), E a ) p . We denote by ir s , 7r n and 7r u projection operators onto the subspace spanned 
by eigenfunctions of (—A) with the positive eigenvalue, the zero eigenvalue and the negative eigenvalue 
and set 

v s = tt 5 v, v n = ir n v, v u = ir u v. 

The subspace 7r s Lp(R") is infinite dimension and 7r u Lp(R"), 7r n Lp(M") are finite dimension. First we 
prepare the following elementary lemma, which is useful in this section. We put 

n = {y=(y',y n )£R n ~ 1 x (0,1)}. 

Lemma 3.1. There exists c > such that 

/ g(y')v 2 pdy' <c g{y') (v 2 + v\Vv\) pdy for v G H 
Jdwt Jn 



Proof. Let rji(y n ) be a cut off function such that rji(y n ) = 1 if y n G (0, 1/2) and rj\{y n ) = if y n > 1. 
Then it is verified that 

g(y')v 2 pdy' = - g{y')pdy \ d n (f 2 r/i(y n )) dy n 

s™ Jl"" 1 Jo 

<c dy n / g(y) (v 2 +v\Vv\) pdy'. 



n— 1 



Since /?(y')l<9R™ = e ^ is clear that p{y) = e Vn ^p{y') for y G R™. This implies that p{y') < 

e l l A p(y) for y n < 1. Therefore we complete the proof. □ 

Now we state a main result in this section. 

Proposition 3.1. One of the following two cases holds. 

(i) Hm ( \\<*)y+}<°)\\A =0> 

s^co\ \\v n {s)\\p ) 

(II) ||f(s)|| p decays to zero exponentially. 

Proof. Multiplying ([7|) by v u , v n and v s respectively, then we verify that 



2 

1 



M\v*\\l = -m\\ v a\\l+ f vV( P Vv 3 )dy+ I f(v)v a pdy' (aG{n,u}) 
/ Vv-Vv s pdy + / (qB q ~ 1 vv s + f(v)v s ) pdy' 

JR™ JdR™ 

II V^sllp + <?£ <?_1 ||v s ||£2 (aR n) + / f(v)v 5 pdy'. 



|2 



<9J|tUL = — m\\v 
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Hence we obtain an ODE system. 

ri„„ i 

2 



f(v)v u pdy', 



f(v)v n pdy', 



d a \\v s 



■\\Vv s \\ 2 p -m\\v s \\ 2 p + qB q - 1 \\v s 



+ 



f{v)v s pdy'. 



By the Schwarz inequality, we see that for a G {s, n, u} 

/ f(v)\v a \pdy' < [ (e(l + \y'\ 2 ) l/2 vl + -(1 + \y'?y l/2 f(yf) pH ■ 

From Lemma 13.11 and Lemma IA.H it holds that 

(1 + |yf ) x l 2 vlpdy' <c[ ((1 + \y'\ 2 )v 2 + |Vt; a | 2 ) pdy < 



c\\v- 



Here we recall from ([8]) that |/(«)| < cu 2 . Then from Lemma 13. II and Lemma 12. 11 we get 
(1 + \y'\ 2 )- 1/2 f(v) 2 pdy' <c[ (1 + \y'\ 2 r l/2 v 4 P dyi 

< c [ (l + \ y if)- 1/2 {\v\ 3 \d n v\+v A )pdy 

< c [ (l + W\ 2 )-V 2 \v\ 3 pdy<cM( 8 )\\v\\ 2 p , 

Jn 

where M(s) is given by 

M(s) = su P (l + \y'\ 2 )- 1 / 2 \v(y,s)\. 
yen 

As a consequence, there exists eo > such that for e G (0, eo) 



^ s |k|| 2 > h [ \v u \\ 2 p --M(s)\\v\\% 
l\d s \\v n \\ 2 p \ <ce\\v n \\ 2 p + -M{s)\\v\\ 2 p 



V 2 



and 



1 



^|H| 2 < -(1 - ce) (||Vt; s || 2 + m\\v 5 \\ 2 p ) + <zfl , - 1 ||«,||i ?(aB » ) + -M{s)\\v\\ 2 p . 
Let A* > be the smallest positive eigenvalue of (—A), which is given by 

\\VE\\ 2 p + m\\E\\ 2 p - q B^E\\ 2 L2p{mn+) 



A* = inf 

EeHs 



\m 



where H s = H^(RVj_) n 7r s L 2 (]R^). By continuity, there exists e* > such that for e G (0,e*} 



inf 

EeH, 



(i-e)(\\VE\\ 2 p + m\\E\\ 2 p )- q B^\\E\\ 



mi 



^ A* 



Hence there exists t\ G (0, eo) such that for e G (0, ei) 



1 



dJvJl 2 < 



~wi; + fAf(*)iMi;. 



2 --ll-»l IP 

Since lim^oo M(s) = 0, applying Lemma 3.1 in [6] to ([39]) and flSDJ) , we obtain the conclusion. 



21 



Next we study the asymptotic behavior of V'v(y, s). We set 



IIHII? = HI? + IIV« 

Proposition 3.2. One of the following two cases holds. 



'„.l|2 



(I) lim 



+ K 



7 n lllp 



0, 



(II) |||f(s)|||p decays to zero exponentially, 

Proof. We repeat the proof of Proposition 13.11 We set V(y,s) = div(y,s) (i = 1, • • • , n — 1). Then 
V(y, s) solves 



d 3 V = AV - - ■ V 
2 



m + - ) 



d v V = qB q ~ 1 V + f(v)V on dW\. x (s T ,oo). 

The main linear part (neglecting f'(v)V) is written by 

r 



ay = := 



,4 



V, D(A) = D(A). 



Let 7r s , 7f n and 7r u be projection operators onto the subspace spanned by eigenfunctions of (—A) with 
the positive eigenvalue, the zero eigenvalue and the negative eigenvalue and set 



Then we obtain 



>ll 




• 5*11 


V4 2 e 




v.f„ 



+ 



V s = 7T S V, V n = 7T n V, V u = TT U V. 



f\v)VV u pdy\ 



f'{v)VV n pdy', 



1 



+ qB 



q-l 



+ 



/ f'(v)VV sP dy'. 



Here we recall from (JSj) that |/'(«)| < c\v\. Therefore by the same calculation as ()38p . we verify that 



\f'(v)VV 5 \pdy' < c 



t n \ € 



-(1 + lyf)" 1 / 2 !^! 2 + 6(1 + ly'l 2 ) 1 / 2 !^! 2 ") pdy' 



< - / ( 1 + \yf)-^\(\ v f + \ V \ 4 )pdy> + ce 



< - {M(s)\\v\\ 2 p + M v (s)\\V\\ 2 p ) + cellKH^^), 



where 



M y ( S ) = sup(l + |y / | 2 )- 1 / 2 |y(y, S )|. 
yen 



Hence there exists eo > such that for e £ (0, eo) 



r 1 



1 



-d s ||VL|| 2 > -HKII 2 - - (M( S )|M| 2 + M v {s)\\V\\l) 



^\ds\\VAl\<ce\\V n \\l + -(M(s)\\v\\ 2 p + M v ( 



(41) 



^ S ||F S || 2 < -^|| W s || 2 + C - {M(s)\\vf p + M v {s)\\Vf p ) . 
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Therefore since % a {div) = di(7r a v) (i = !,-■■ , n — 1) for a G {s, n, u}, by ([39]) . ([10]) and ([IT]) , we obtain 



r i 

2 



<9 III?; Ill 2 > -lllw 11 

1 I a 91 - 9 C 



p --(M{s)+M v {s))\\\v\\\% 



\ds\\\v4\ p \ < ce\\\v n \\\j + -(M(s) + M v (s))\\\v\ 



2l _a lll""lllp| — ^ III "n | ||p 1 g ^ ^ ' ' V"/ / III " lllp> 



1 

12 



< -y IUVt^Hg + ;(M( S ) + My( S ))||M||J. 



Since lim^oo My(s) = 0, applying Lemma 3.1 in [6], we complete the proof. □ 
3.1 Case (I) 

In this subsection, we study a precise asymptotic behavior for the case (I). 

Definition 3.1. We call a function v(y) y n -axial symmetric, if the function v(y) can be expressed by 
v(y) = v(\y'\,y n ). 



For the rest of this paper, solutions are always assumed to be y n -axial symmetric. Then the kernel 
of A (= ir n L 2 p (Wl)) turns out to be one dimension under a symmetric assumption. In fact, let 

£{y) = c(H 2 (yi) + ■■■ H 2 (y n -i))h(yn), (42) 
where c > is a normalization constant such that ||£|L = 1. Then it holds that kerA =span{£}. 



Proposition 3.3. Let v(y,s) be y n -axial symmetric and behave as the case (I) in Proposition 13.1 
Then it follows that 

v ( s ) + ^l£ =o(s~ 1 ), 



where v„ is given by 



q{q - l)B q ~ 2 



£ 3 pdy' > 0. 



□ 



Proof of Theorem 11.11 Theorem 11.11 follows from Proposition 13.11 and Proposition 13.31 

First we prepare two lemmas. 
Lemma 3.2. Let v(y, s) be as in Proposition 13.31 Then for any 5 > there exist c±, c 2 > such that 

ci\\v„(s - 6)\\p < |K(s)||p < c 2 \\v n (s + 6)\\ p . 
Proof. Since \f{v)\ < cv 2 (see ©), by Lemma I3TT1 the second equation in ([37]) is estimated by 



|d s |K||p| < c / v 2 \v n \pdy' < c / v 4 pdy'+\\v n \ 
If {\Vv\\v\ 3 +v*)pdy+\\v„\\ 2 p ) . 



< C 



Therefore since v(y,s) and |Vu(y, s)\ are uniformly bounded (see Theorem 12. ip . from Proposition [3T] 
we obtain 

\d s \\v n \\ 2 p \ <c(\\v\\ 2 p + \\v n \\ 2 p ) <c\\v n f p . 

Then this implies 

-c < d s (log \\v n \\ 2 ) < c. 

Integrating both sides, we obtain the conclusion. □ 
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Lemma 3.3. Letv(y,s) be as in Proposition ^^ . Then for r £ (l,oo) there exists a positive continuous 
function z/(s) satisfying lim s _ s>00 i/(s) = such that 

\\(V - V n )(s)|| L r (eR n ) < V(s)\\v n (s)\\ p . 

Proof. We set z(y, s) = v(y, s) — v n (y, s). Then z(y, s) solves 



d s z = Az — - ■ Vz — mz — X(s)£ in x (st, oo), 



d v z = qB q ~ 1 z + f(v) 



on 



^ x [s T , oo), 



where X(s) is given by 



X(s) = / f(v(s))£pdy'. 



Since < ct> 2 (see ®), we easily see that 

d v z < qB q ~ x z + cv 2 , d u z > qB q - l z - cv 2 on <9IR™ x (s T , oo). 
Then we apply ([36]) in (03]) with if := qB^ 1 to obtain 



Sk (s - sq) 



zjsp) 

b K 



+ I e 

so 



-(m+ti Ko )(s-iM) 



x \X(jm)\ 



+ c \Tk (s,h)v 2 \ dp 



= : Ji + J 2 + J 3 for y G <9R™ , s > s - 
To apply Lemma |2.7| we fix p > max{2, n — 1} and 5 € (0, 1) and set 

V- 1' 



si := sq + m &x ^ 1, log 



1 - 5 



Then from Lemma 12.71 with p = 2, we see that 



ce -( m +MA' )Ol-So) 

•MsOIUjCflRl) < 7i -^wJ l^foo)!!? < c||z(a )||p 



(1 _ e -(si-s ))n/4 
= C||(U - Un)(«o)||p- 

Next we estimate J 2 . From the Schwarz inequality, we get 



1/2 



\X(jj)\ < c / u(m) 2 |£ < c / (1 + li/fr^MW 
Then by the same calculation as (f38|) . we see that 

/ (l + lyfr^v^pdy' <cM^)\\v\\% 

J9R" 



(43) 



where M(s) is the same as in (|38p . Furthermore since A£ = 0, we find that Sk (s — fi)(£/bK ) 
e m o( s ~^£ /bK - Therefore since bx = 1 on cM™, we obtain 



81 



^2(si)||x,£(aR») < cj^y M(/x) ' ||u(/x)|| p d/xj HfHi^aRn) 
< cl sup M(zx) 1 / 2 ] ( sup \\v(ji,)\\ p 



. Me(s ,si) 
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Finally we compute J3. Since p > 2, by definition of s\, we easily see that 

ft — 1\ / r — 1 

si - so > log > log 



1-8) to VP- 1 - 5 / ' 
Hence we can apply Lemma 12.71 and obtain 

fS\ ||u(/i) 2 \\jV CJjn \ 

iiJac-oiixj^) < ce -(^o)(— )^ (1 _ e _ (ai _, )) y 1) ;2 P+1 / 2 ^ 

Then by the Schwarz inequality and |&R- (£ n )| < -Ko for £ n G R + , we compute 

\H^) 2 \\% = / K^)i 2p W£n) 2 p(£R 



L iC ,p( H +) J R n 

/ \ 1/2 

< c( / (i + ici 2 )-Xe^)i 4 vm 

< cM 1 (fx)\\v(p,)\\ p , 

where M\{p) (1 + |£| 2 ) l / 2 \v (£, p)\ 2p x . Since ?;(?/, ^) is uniformly bounded and v(y, p) —> 

uniformly on any compact set in R™ as /i — > 00, we easily see that M\{p) — > as /x — > 00. Therefore 
since p > n — 1, we obtain 

lire vi <r r MiMII^MIIp , 
IM3(si)||l ? (9k«) < cj (1 _ e „ (si „ M))(n _ 1)/2p+1/2 ^ 

<c sup Mi(/i) J sup |K/j)||p • 

\MS(so,si) / \£t€(so,si) y 

Put ^i(s) = M(s) 1 / 2 + Mi(s). Then combining the above estimates and applying Proposition 13. II and 
Lemma |3.2| we conclude that 

lk(si)||ir( aR n) < C {\\(V- V n )(s )\\ p +l SU P V 1 {p) ) I SUp ||«n(/i)||p I ) 

< e fc5Jfo& + ( S u P * M )) K(.oi,. 

V K( s o)|| V^( s «' s i) // 

Since — >• as p — > 0, the proof is completed. □ 
Proof of Proposition [3T3l Set ao(s) = (v(s),£) p . Then it is verified that 

ao= f{v)£pdy' . 



Then since f(v) = k q v 2 + 0{v 3 ) with fc 9 = g(q - l)B q - 2 /2 (see ©), we get 

h = k q I v 2 £pdy' + / (k g (v 2 - v 2 n ) + 0(v 3 )) Epdy 1 . 
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Since v(y,s) is uniformly bounded on R™ x (s*r,oo), the second integral on the right-hand side is 
estimates as follows. 



v -v n \\£\pdy' < c / \v + v n \\v - v„\\£\pdy' 



< c\\v - v n \\ L 4( 9R n)\\v + v n \\ L 2 {m ^, 
[ \v*\\£\pdy' < c [ (\v(v 2 -v 2 n )\ + \vvl\)\£\pdy' 
<cf {\v 2 -vl\ + \vvl\)\S\pdy' 



< C (\\V - UnllL^aRnjUu + U n || i 2( aR n ) + ||u n H^jjm) || «||x,2 (QR« ) ) 



Hence we get 



_1 91 /ll u - w n||L*(aRl)ll w + Vn||L2 (aR n) \ 

I ao - ^ « | < c ( 11^2112 + IMU2(aRi) °o = : c^(s)a , 



2112 
n lip 



where v 1 = A; f/ £ 5 pdy' > (see p. 164 in |15j). Then Proposition 13.21 and Lemma 13.31 implies 



lim u(s) = 0. 



(44) 



From the above differential inequality, we get 



1 



1 s — st 
+ 



< c / v{r)dr. 

ST 



Hence it holds that 



a (s) a (s T ) y q 

— r^r + - / u ^ dT - 

v q s a (s T )s s J ST 



1 1 

a (s)s v q 



Therefore combining (JM]), we obtain 



lim sao(s) = —v q . 



As a consequence, since v n = ao(s)£, it follows that 



v n (s) + ^£ = (a (s) + -i ) ||£|L = o^" 1 



V («„(*) + ^£) I = (oo(a) + ^) ||V'£|| P = o^" 1 ). 
Thus by Proposition 13.21 we conclude 

v{s) + l ^£ = (s" 1 ), VUs) + ^-£) =o(s- 1 ), 

So V S J o 



which completes the proof. 



□ 



4 Estimate for a large range 

Throughout this section, we assume that v(y,s) is y n -axial symmetric and behaves as the case (I) in 
Proposition 13.11 Additionally, we assume that v(y,s) satisfies a monotonicity condition: 



y ■ Vv(y, s) < for (y, s) £ R™ x (s T , oo). 



(45) 
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In this section, following the arguments in |15j and [23], we derive pointwise estimate of v(y' , s) along 
\y'\ ~ s 1 / 2 on <9IR™ from the asymptotic behavior v(y,s) ~ —v q s~ l £(y) (Proposition I3.3j ) with global 
heat kernel estimates given in Section [2,21 For simplicity of notations, we set 

B 9Rl (r) = {y' edRl;\y'\<r}. 

First we show that condition (|45p is assured if the original initial data uq (x) satisfies (|45|) . 

Lemma 4.1. Let uo(x) be x n -axial symmetric and satisfy x' ■ Vuq(x) < for x G R™. Then v(y,s) 
satisfies (j4"5j) for s G (st,oo). 

Proof Since x = (T — t) l l 2 y, it is clear that y' ■ V'v(y, s) < is equivalent to x' ■ Vu(x, t) < 0. From 
Lemma 2.1 in jllj . it holds that x' ■ \7'u(x, t) < if x' ■ Vuq(x) < 0. Hence the proof is completed. □ 



As a consequence of assumption (|45p . we obtain the following lemma immediately. 
Lemma 4.2. There exists c > such that 

<p(j/, s)<B + cs- l x {y , l<V ^ for y' G cM™ , s » 1. 

Proo/. Since £{y) = c(H 2 ( yi ) + ■■■ + H 2 {y n -i))h(y n ) and H 2 (t) = c'(£ 2 - 2) with c,c' > 0, £(y) is 
explicitly expressed by 

£( y ') = cc ' (\y'\ 2 - 2(n - 1)) /i(0) for y' G dM^. 



Hence it follows that £(y') < for y' G K™ with \y'\ > \j2{n — 1). By assumption, we recall that 
v(y,s) behaves v(y,s) ~ — v q s~ 1 £ as s — >• oo. Therefore we find that v(y' , < for = \/2n 

and large s > st- As a consequence, by using (|4"5|) . we see that v (y' , s)\gwq_ < for \y'\ > y/2n and 
large s > st- Thus we complete the proof. □ 

A goal of this section is to show the following pointwise estimate along \y'\ ~ s 1 / 2 on dWl. 

Proposition 4.1. There exist 9 G (0, 1) and < fei < k 2 < 1 suc/i i/iai 

fci-B < <p(y', s)\gMn < k 2 B for \y'\ = 0\fs. 

Lemma 4.3. There exists a positive continuous function u{s) satisfying lim^oo v(s) = such that 

v{y',s)\gm > -—£{y') - u(s) for y G B dR n (y/s). 
+ s + 

Proof. We set K = qB q ~ x and = £(y)/bK{y n )- Then since /(w) > in ([7]), by using ([35]) . we get 



;(a) > e" (m+ ^ )(s - so) 5 x (s - s ) f - 



6x 



Here since 



x5jc(* - So ) ( ^ (g0) ^ gS °" lg ) for y' G <9R", S > so. 



-|"V+ f^^^2? = -(m + Aijf)2? inM-, 

a v p = o on ami. 
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we note that 

S K (s - s )V = e ( m +^)(s-s ) v _ 
Therefore since T>{y') = £{y') on dWL, it follows that 



so 



Furthermore from Lemma 12.91 we observe that 



b K 



< cexp 



so 



4(1 + e-( s " s o)) 



v(so) + -±8 
so 



for y 1 G dW^_ and s > sq + 1. By the same way as in [15], we choose s > sq such that s = e s s °. This 
choice is equivalent to 

_ so = logs 
s s 

Here we recall from Lemma 12.31 that /ik = — {m + 1). Therefore since e~( s ~ s °^\y'\ 2 < 1 for \y'\ < y/s, 
Proposition 13.31 implies 



-(m+[i K )(s-s ) 



Sk(s - s ) 



V(sp) + U q S l £ 

b K 



so(s l ) = o(l) for y G B dWi U~s). 



Thus the proof is completed. 

Lemma 4.4. For any R > there exists cr > such that 

\Vv(y, s)\ < crs" 1 ' 2 for \y'\ < R^s~, y n G (0, R). 
Proof. We set V(y, s) = div(y, s) (i = 1, • • • , n — 1), then V(y, s) solves 

y 



□ 



d v V = qip q ~ X V 



d s V = AV - ~ ■ VV - [m + - )V in R£ x (s T , oo) 



on 



X (S T , OO). 



Since t>(, s) behaves v (y, s) ~ — v q s l £ as s — > oo, we note from Proposition 13.31 that \V(y' , s)\ < cs 1 
for y' G BgM. n (\/2n). Hence by Lemma 14.21 we observe that 



qip 



i^V = qB q ~ l V + g(^ 5-1 - B q ~ l )V < qB q ~ l V + cs~ 2 for y' G 5 9K " (v 7 ^). 



We set 



^(y',s) 



Jg^-?" 1 if \y'\ < V2rl, 

\q<p(y J ,s) q - 1 if|y'|>v^. 



Then we see that 



d„V < K(y', s)V + cs~ 2 on 01 
We note from Lemma 14,21 with (1451) that 



\K(y',s)\ < qB"- 1 =: K . 
Therefore we apply the estimate ([36]) to ±V(y, s) and obtain 



l^(s)| 
b K 



<e^/ 2 S Ko (s-s ) 



\V(so)\ 
28 



+ c 



= ( S -//)/2 -2 



M TK (s } fJ>)dfj,. 



Here we used pk = — (m + 1) (Lemma 12. 3p . By Lemma [2791 for any R > there exists c = c(R) > 
such that 



V ^o(^) 7 - ^ ^4(1 + e -(— o)) J 11 v 0, "e J Sq ^.g-M 

for y' £ R n_1 , y n < i?. As in the proof of Lemma 14,3} we choose s > sq such that s = e s ~ s °. Then 
from Proposition 13.31 we obtain 

\V(y, s)\ < cbK^s- 1 ' 2 for \y'\ < R^, y n < R, 

which completes the proof. □ 

Lemma 4.5. There exists c > such that 

sup \d s ip(y',s)\ < cs" 1 . 

We set Y(y, s) = d s v(y, s), then Y(y, s) solves 

jd s Y = AY- | • VY-mY in R% x (s T , oo), 



v ± — qif 7 on dWL x (s T ,oo) 



We expand Y(y,s) by using eigenfunctions {-E a } Q e.A of ([9|): 

= ^ a a (s)E a , in flJ(R£), 

where a a (s) = (v(s), E a ) p . Since u G (^((sr, oo); L^(R™ )), it is verified that a a (s) = d s (v(s), E a ) p . 
Let A Q be the eigenvalue corresponding to E a . Then it holds that 

a! a = -( m + A a )a a + g / (v^ 1 - B^ l )Y E aP dy' . (46) 

The proof of Lemma 14.51 follows immediately from the following two lemmas. 
Lemma 4.6. For any a G A there exists c a > such that 

\a a (s)\ < c a s~ 2 . 

Proof. Since Y(y, s) = d s v(y, s), a direct computation shows that 

q ( (<^ _1 - B^YEapdy' = q [ ((v + -B) 9 " 1 - B^d^E^dy' 
JdRI JdK™ 

= d a / f(v)E a pdy'. 

For simplicity, we set 

X a = f(v)E a pdy'. 
JdRI 

Then (|46p is written by 

9 s (e (m+AQ)s a Q ) = e (m+Aa)s <9 s X Q 

= 8 S (e (m+A ^ s X Q ) - (m + X a )e {rn+Xa)s X a . 
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We fix si > 1. Then we integrate both sides over (s,si) to obtain 

e ( m + x ^(a a (s) - X a (s)) - e^ m+x ^(a a ( Sl ) - X a (si)) 

r s (47) 

= -{m + \ a ) e^+^XMd/x. 

Here we recall from ([8]) that |/(f)| < cv 2 . Then by the Holder inequality, we see that 
\X a \ < c v 2 \E a \pdy' < c (\vv n \ + \v(v - v n )\) \E a \pdy' 

< c|b|| L 2(9R™) ((^J mn v n\ E a\ 2 pdj/j + \\E a \\ L 4 { 

< C IMIl2(,9R™) (\\Vn\\p + \\V - V n \\ L ^ m n-^ . 

Since ||v||l2(9r™) < \\v n \\l^(9R^ ) + \\ v ~ ^nlli^aR™), it follows from Lemma f3T3l and Proposition 13.31 that 

|*«(*)|<c|K(s)||J<^. 



V - Vr 



Then the right-hand side on (|47p is estimated by 

-(si+s)/2 



< c ^ e ("»+A«»)(*+*i)/ 2 + e (m+AQ)s (si + s)" 2 ) . 



(«i+a)/2/ 



Therefore applying this estimate in (|47p . we obtain the conclusion. 
We define A x C A = Nq" 1 x N by 

i A = {a £ ^4; A Q < A}. 
Lemma 4.7. There exists A* > s-uc/t that 



< cs~\ 



Proof. We set P x (y, s) = Y(y, s) - J2 a eA x a a(s)E a (y), then P x (y, s) is a solution of 
8 S P X = AP X - | • VP A - ? nP A - ^ Q a E a in x (s T , oo), 

9,P A = qv q ~ l P x + q(v q ~ l ~ B"- 1 ) a a E a on 8R% x (s T , oo), 



where is given by 



Q a = q 



[ ((ffl- 1 - B^ l )YE aP dy'\ 



Multiplying by P x p and integrating over WL, we get 
1 

2' 



:ds\\Px\\l 



-\\VP x \\ 2 p -m\\P x \\ 2 p - QUPx,E a ) p 



+q [ ^ l Plpdy' + qV] a a [ (c^ 1 - B^P^pdy' . 



□ 



(48) 
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P&Ax 

v IIl4( R ^)||^a||l2(R^)- 



Since cp(y, s) is positive and uniformly bounded, the third term and the last term on the right-hand 
side are estimated by 

— = / ~ B^ 1 ) ( PA + ( E apEp) ) E a pdy' 

q Jm + v // 

< c \\ E a\\Lj(dR%) \\v\\L*(dR»)\\ P \\\L*(m.%)+ ^2 a p\\ E p\\Lj{8Rl)\\ v \\L* ) , 
\ P^A X 

a&Ax dW + ad Ax 

Here we apply Lemma 13,31 and Proposition 13,31 to obtain 

IMIl^cW") < ll^n ||z,4(aiR^) + \\V ~ V n \\L%dW1) < c|K|| p < CS^ 1 . 

Therefore there exists c x > such that 

]T \Q a (P x , E a ) p \ + q ]T a a f l^- 1 - B^ l \P x E aP dy' 

a&Ax aeAx dR + 

< c x ^ 1 ||i 3 A||^i (M n ) a 2 a \ <c x (s _1 ||Px|||fi( K ™) + s~ 

\ a&Ax J 

where we used Lemma 14,61 in the last inequality. Substituting this estimate into (|48p and noting that 
<p q \dm. n < + cs _1 ) from Lemma \A.'2\ we obtain 

\d s \\P x f p < - (1 - c,,- 1 ) (||VPa||? + m\\P x f p ) + (1 + o-^^HiMl^^j + c x s-\ 
Let IIa be a subspace of fl:(R") defined by 

n A = {£ G £Tf (H^); = for any a G „4 A }- 

Then it holds that 

llv^nj-^piiWj 

inf nr^5 ^— ^ > A. 

By continuity, there exists eo > such that for e G (0, eo) 

(1- e)\\VE\\l - (1 + e)qB^\\E\\l 2 

inf .. —77: 2 > A/2. 

£en A \\E\\j ~ 1 

Hence there exist A* > and s\ > st such that for A > A* 

\d a \\P x \\ 2 p < ~ \\P X f p + c x s~ 5 for s > si, 

which implies 

\\Px(s)f p < e-^ s -^\\P x (s T )f p + c x r e - TO (-")(l + M )- 5 d/i 

< e -m (s - St)||Pa(st)|| 2 +CaS -4 for s > 

Therefore the proof is completed. □ 
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Proof of Lemma 14.51 From Lemma 14.61 and Lemma 14.71 we obtain 

\\Y(s)\\ p <cs- 2 . 

Repeating the argument in the proof of Lemma 14.41 we obtain the conclusion. □ 

Lemma 4.8. For any 9 > there exist l\ G (0, 1) and s* > such that 

v(y',s)\gun < -hB for |y'| = 9y/s, s > s*. 

Proof. We fix 9 = 1. The proof for the other case 9^1 follows from the quite same argument as 
9 = 1. Since v(y, s) behaves as the case (I), we note from Lemma 14.21 that 

v(y',s)\ 9 m.i <cs~ l x ly , l<y ^ fors>l. (49) 

To derive a contradiction, we suppose that there exist sequences and {y'j}keN C <9IR™ with 

\y'j\ = yfH sucn that Tj — > oo and 

lim v{y' j ,Tj) = 0. 

j— >oo J 

Then it follows from (ggj) and (@9]) that 

lim sup Tj)\ = 0. (50) 



Now we define Sj < Tj by 

From this definition, we find that 



1 



logr,- 



Since BgRn(y/s) C -B^r™ (-^//I) if s < jti, we apply Lemma [431 to get 

\v(y , ,s)-v(y',r J )\ < \d s v(y',v)\dfi < clog (51) 



for y' G BgRn (-^/i) and s G (sj,Tj). Now we set 



Then (|50|) and ((5TJ) imply 



ej = sup Ky',s)|. 

V'G.B m n (y/s), se(sj,Tj) 



lim e_,- = 0. 



Furthermore by definition of €j and ()49p . we get 
= q^J (B + 9v) q - 1 d9 



/ 1 (S + c^ 1 )" 1 ci6> ) w+ - f j (B — cej)^ 1 d9 ) v. 



o 



< (g^" 1 + cs" 1 )^ - qB*-\l - C€j)v- for y' G B»n (VS), s G ( Sj ,Tj). 
Here we note from (|49p that u+(y, s) < cs _1 . Therefore we obtain 

< - ce,> + c(ej + s'^s^ 1 + cx|y| >v ^ for y G s G (sj,Tj). 
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We set Kj = qB"' 1 ^ - cej) and 

fJ-j ■= m v Sji?) '■= Sk^s), Tj(s,n) := TK 3 {s,fi), bj(y n ) := b Kj {y n )- 
Then we apply ()35[) to obtain 



*Tj(s,fi) (fo- +/x )/x +X{|f'|>VM}J d ^ for s € (sj,Tj). 
Since e - ^' -5 -?) |y'| 2 < 1 for y' G i?,^™. (y 7 ?^), it follows from Lemma 12.91 and Proposition 



bj 



< exp 



"( T j- S j)|y'| 



4(1 + e -( 7 i- s i)) 



o(s - x ) for y G B 9R n (y/fj). 



We set Pj = £ jbj . Then by the same way as in the proof of Lemma 14.31 we see that 

Sjirj - 8j)Vj = e^+^^-^Vj. 
Since Kj = gi?' 3_1 (l — ce,) < qB q ^ 1 , we note from Lemma 12.31 that 

H > A*|jf= 9 B«-i = -( m + !)■ 
Hence by using e Tj ~ Sj = Tj and "Dj = £ on <9R™ , we obtain 

u Q<n , ( v ( s j) + u 9 s j l£ \\ 



■^Pj + e- (m+ ^ )(r ^-^ ) o(s- 1 ) 



— £ + r, J o(s - ) 



- — £ £ + o(l) for y' e 5 aR n (y^"). 
Furthermore by Lemma 12.81 we compute 



Tj {(ej + y. 1 + X{| ? '| >v ^} 



< c 



(e J +^- 1 )/i- ] 



+ 



n-l y 7 ! _ g-(s-M) 



a/1 - e-( s "^ 
X{|£'l>v^' for V G 



Here since r,- < 9s,/4 for large j S N, we observe that 



|y'| < ^ < l^J < for ly'l < ^ K'l > v^7- 



This implies 



\y'e- {s -^ /2 -^\>W\-\y'\> 



/|2 



for |y'| < Y> > v^7- 



Therefore we get 
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in 2 

exp 



64(1 - e -( s ^)) 



j(y',e,s-v)x m>V ji}de < c j m>v _ (1 _ e - (a - M)) (n-i)/2 

= c [ e-l«'l 2 / 64 < < c [ e-l^'l 2 / 64 ^' 

< c^-^e-^ for y> G Bga n Nf\ , ^ > Sj . 
As a consequence, it follows that 



= c (e, + O^ 1 )) for y> G 5«n . 

Thus finally we obtain 

^(y',^) < -j£(y') + for y' G ^ (^T) . 

Noting that £(y') = c(\y'\ 2 - 2(n - 1)) on 8R% (c > 0), then we find that 

viy'^U, < (£j for = ^. 

However since Tj/s^ — >■ 1 as j — > oo, this contradicts (|50p . which completes the proof. □ 
Proof of Proposition 14. ll , We recall from Lemma I4T31 that 

<p(y' , s )\dM% > B - v q s~ x E + o(l) for y' G BaRn(Vi)- 

Since £(y') = c(\y'\ 2 - 2(n - 1)) on <9M™ (c > 0), there exists 9 G (0, 1) such that 

<f(y ',s)\asn > — for \y'\ = 9y/s, s » 1. 
On the other hand, from Lemma 14.8} there exists l\ G (0, 1) such that 

<p(y', s)\am.% = v(y', s)\ dR n + B < (1 - h)B for |y'| = s > 1. 

Thus the proof is completed. □ 

5 Spacial singularities for a blow-up profile 

Here we apply methods given in |13|. [22] to investigate spacial singularities of blow-up profiles. As in 
Section HI v(y,s) is assumed to be y n -axial symmetric, behave as the case (I) in Proposition 13.11 and 
satisfy ([43]) . Let 9 G (0, 1) be given in Proposition 14.11 and set e = (1, 0, • • • , 0). We introduce 

v s (x, t) = e- ms u(e- s/2 x + 9^e~ s/2 e, T + (i - l)e~ s ), 
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where s > st is a parameter. Then v s (x,t) satisfies 

(d t v = Av inK£ x (0,1), 
\d v v = v q on dRl x (0,1). 

The following proposition gives a key estimate, whose proof is given in the next subsection. 

Proposition 5.1. There exist < c_ < c+, s* S> 1 and ii G (0, 1) suc/i £/iaf 

c_ < u a (0,i) < c+ for s > s*, i G 1). 

The proof of Theorem 11.21 follows directly from Proposition 15.11 



Proof of Theorem 11.21 Now we define an inverse function s(r) by y/se s / 2 = r/0 (s > 1). Then 
from Proposition 15.11 there exist r* G (0, 1) and t\ G (0, 1) such that 

c_e ms(r) < u(re, T + (t- l)e" s(r) ) < c+e ms W for r G (0, r*), i G (ti, 1). 

Here we take i = 1 to obtain 

c_e ms(r) < u(re, T) < c+e ms(r) for r G (0, r*). 

From definition of s(r), we compute 

s = log s + 2| log r| + 2 log 0, 
e~ s s = e~ s (log s + 2| log r\ + 2 log 0) = (r/6») 2 . 

Hence it follows that 

_ s r 2 ( 2 1 log r | 



26> 2 |logr| \logs + 2| logr| + 21og( 
Since s(r) < c| logr| for small r > 0, it is clear that 

2| log r\ 



log s + 2| log r| + 2 log 



l + o(l). 



Therefore there exists < c'_ < c' + such that 



c - (^) m (1 + °0)) < T ) < c ' + (^) m (1 + (!))- 
Since u(x, t) is x n -axial symmetric, we obtain the conclusion. □ 

5.1 Proof of Proposition 15. ll (upper bound) 

We consider a rescaled solution w s (y, r) defined by (y G , r G R+) 

w 8 (y,r) = e- m ^(e- T / 2 y,l-e-H 

= e- m ^u(e-^' 2 y + ^e" s/2 e,T - e"^) 
= (p(y + 9x/se T/2 e,T + s). 

Then w s (y,r) satisfies 

(d T w s = Aw s - | • Vw s - mw s in R" x (0, oo), 
\^w s = «;« on <9IR™ x (0, oo) 
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and 

w s (y,0) = <p{y + 6yfse,s). 
Moreover since ip(y,s) is uniformly bounded on Wf x (st, oo), it follows that 

Mq := sup sup w s (y,r) < oo. (53) 

From Proposition 14.11 we note that k\B < w s (0, 0) < for some k\,k<i G (0,1)- Hence since 
\V(p(y,s)\ is uniformly bounded (Lemma 12. ip and B = (fo(0), there exists 6q > such that 



^y^j Vo^n) < ^(^,0)1^=0 < (—^^j foiVn) for y n G (0,<5 ). 



(54) 



On the other hand, since s) — > ^o{y n ) in Cioc(^+) as s ~ * 00 ' irom P5j) - we obtain 

lim sup «; s (y n , 0)1^=0 < Hm <p(y n , s)\ y >= = (po(y n ) (55) 

uniformly on y n G [0, i2] for any R > 0. We fix a function u>*(£) G C 2 (R + ) such that 

1 + V 



2 i ¥>o(0 < u>»(£) < M€) if C e (0, 5„), (56) 
w*(£) = ¥>o(0 if £ G (<5 ,oo). 



Let w(£,t) be a solution of 



d T w = — — mw in R + x (0, oo), 

d v w = w q on f = 0, r G (0, oo), ( 57 ) 

w = in R + . 

Lemma 5.1. Let ?/)(£, r) 6e given above. Then w{^,t) is uniformly bounded on R + x (0, oo) and 
converges to zero uniformly on R + as r — >■ oo. 

Proof. Let e G [0, 1) and h € (£) be the unique solution of 

h" — ^h' e = mh t in R + , 
h e (0) = 1, 8 u h t (0) = (l-e)qB"- 1 . 

First we claim that fa e =o(£) = ^o(0 has at least one zero on R + . To derive a contradiction, we suppose 
ho(0 > on R + . We set h*(£) = (po(£)/B, then h*(£) solves 

~ 2 h * = mh * in K +' 
/i*(0) = 1, cU*(0) = S 9 " 1 - 

By a boundary condition of /io(£) and we find that /io(£) < fo r small ^ > 0. Then there are 

two possibilities: (i) there exists £i G R+ such that /io(£i) = arid fao(£) < fo r £ £ (0,£i), 

(ii) < ho(£) < h*(£) for £ G R+. We introduce 

5(0 = e~« 2/4 K(0M0 " h (OK(0) ■ 

Then we easily see that 

g'(0 = for £ G R+, 5 (0) = -(q - l)B*~ x < 0. 
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For the case (i), by definition of ft, it holds that ft/ (ft)-ft4(ft) = e ? /4 s(fi)/Mfi) = g(0)//i*(ft) < 0. 
However this contradicts the definition of ft. For the case (ii), since <po(£) is uniformly bounded on 
R_l_, it is verified that /i(ft, /io(£) an d their derivatives are uniformly bounded on R + . Hence it follows 
that lim^oo g(ft = 0. However since g(ft = g(0) < 0, this is a contradiction. Therefore the claim is 
proved. We denote by ft the first zero of ho(£). Since /i (ft) < 0, by continuity, /i e (ft has a unique 
zero near £ = ft f° r small e G (0, 1), which is denoted by ft. We fix e = eo small enough. Now we 
construct a super-solution by using /i eo (ft. We set 



V>a(ft 



wCO-aMO if£e(o,ft), 
¥>o(£) if ^ e (ft,oo), 



where a G (0, 1) is a parameter. Then since (fi — a) q = B q — qB q a + 0(a 2 ), we get 

d^ a = B q - (1 - e )qB^ 1 a 

= {B-a) q + € qB q ~ 1 a + O(a 2 ) 

> {B - a) q = ip q for £ = 0, < a < 1. 

Since w*(ft < 920(C)) a comparison argument implies fD(fts) < </?o(£)- Hence, by a strong maximum 
principle, there exists a\ G (0, 1) such that for a G (0, a\) 

«Kftl) < MO for£GM+. 

Let Wa(fts) be a solution of ([57]) with the initial data tp a (0- Then a comparison argument implies 
that 

W(£,S + 1)< W a (t,s). 

Now we claim that W a (fts) converges to zero uniformly on R + as s — > 00. Since ip a (£) is a super- 
solution, it holds that W a (ft s) < ipb(0 f° r s > 0. By the unique solvability of solutions of ([57]) and a 
comparison argument, we see that 

W a (fts + s') < W a (£,s') forks' > 0. 

Hence it follows that 5 s W a (ft s) < for s > 0. As a consequence, W a (ft s) converges to some function 
Woo (ft satisfying < Woo (ft < y?o(£) uniformly on R + as s -> 00. By a standard argument, we 
find that Woo (ft is one of stationary solutions of ([57]) . Since foiO is the unique bounded positive 
solution of (|57p (see Lemma 3.1 [5]), Woo(ft must be zero, which shows the claim. Therefore from 
^(ft s + 1) ^ W a (ft s), it) (ft s) also converges to zero uniformly on R + as s — > 00, which completes the 
proof. □ 

The function u)(ftr) is naturally extended to a function t&(y,r) defined on R™ x (0,oo) by 

= w(y n ,s). 

From Lemma |5. 11 it is clear that lim r _ 5 . 00 ||«)(t)|L = 0. Let r e > be the first time of 

IH r e)||p = e. 

Lemma 5.2. For any e > £/iere exisi s e > swc/i £/iaf 

||io s (T- e )|| p < 2e for s > s e . 
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Proof. Suppose that there exist eo > and a sequence {s^lfceN (sk — > oo) such that 

IK(T 6o )||p<2e . (58) 
Since w s (y, r) is defined by w s (y, r) = ip(y + 6e T / 2 s l / 2 e, r + s), we apply Lemma [2TT1 to obtain 

sup sup V \DyW s (y,r)\ < oo. (59) 

s£(s T ,oo) (i/,r)eK™ x(0,oo) 1 

Furthermore since w s {y,r) satisfies 



.M=o 



it follows from (l59l that 



2/ 

(9 T w s = A y w s — — • V y w s — mw s in R™ x (0, oo), 



sup sup ((l + |y| 2 ) 1/2 \d T w s (y,T)\) < oo. 

sg(s T ,oo) (j/,-r)eIR^x(0,oo) V ' 

Hence there exist a limiting function Woo(y, r) G C 2,1 (R™ x [0, oo))nL°°(R™ x (0, oo)) and a subsequence 
{w Sk (y, r)}fc 6 N which is denoted by the same symbol such that 

w s k {y,T) ->■ Woo{y,T) 

in Ci oc (R^ x [0,oo)) n C([0, r'); ^(R+ )) for any r' > 0. Then from O, (EH} and (PI), we see that 

< Woo (yn> 0)1^=0 < w*(y n ). 
Moreover from Lemma 14.41 it follows that V'wj 00 (y, 0) = 0. Hence we obtain 

< Woo(y,0) < w*(y n ). 

As a consequence, since w 00 (y,T) satisfies (|52p . a comparison argument shows that for r > 

< Woo(y,T) < w(y,r). 

Hence by definition of r eo > 0, it follows that ||n>oo(7e )||p < eo- Since w Sk — > Woo in C([0, r'); L 2 (R™ )) 
for any r' > 0, it follows that ||w Sfe (r £0 )||p < 2eo for large fc G N. However this contradicts ([58]) . which 
completes the proof. □ 

We prepare a local L°°-estimate which is directly derived from a standard linear parabolic theory. 
Lemma 5.3. For any R > there exists c R > suc/i £/icrf 

sup w s (y,r) < c R sup ||w s (t')||p for r > 4i? 2 . 
|y|<.R t'€{t-4R?,t) 

Proof. From (|53|) . applying a local L°°-estimate for a linear parabolic equation to (|52|) (see Theorem 
6.17 in [20]), we obtain 

2 



sup w s (y,T')\ < c 2 R dr' w s (y,T') 2 dy 

t-R 2 <t'<t J Jt-AR 2 J\y\<2R 

<c 2 R e R2 T dr' I w s (y,T) 2 e-M 2 /*dy 

Jr-iR 2 J\v\<2R 



*t-4R 2 J\y\<2R 

< c 2 R R 2 e R2 ( sup IK^')]^ , 

\r'e(r-4R 2 ,T) / 

which completes the proof. □ 
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Lemma 5.4. For any So > there exists Si G (0, <5o) such that if \\w s (to)\\ p < Si holds for some tq > 
and s > st, then it holds that 

\\w s (t)\\ p < S for r > r . 
Proof. Multiplying (|52|) by w s p and integrating over Wf, we get 

^ a II 1 1 2 iiv7 n2 II |i 2 , n ng+1 

-o T \\w s L = - Vtoo L — m p; s L + \\w s .,, .„ 

2 11 " p 11 11/3 11 " p 11 "LJT (<9RIf) 

From Lemma 13. II and Lemma I A. 11 we verify that 

Hllj&wi < (7 (i + bf^Vwl 7 f / (l + lyfr^pdy) ' 

< cK s (t) (\\w s \\ 2 p + ||u; s || p ||Vi(; s ||p) , 

where K s (t) is given by 

K s (r)=( sup (l + \y'\ 2 r l / 2 w s (y',r)^-A ' . 

Hence it holds that 

«0t||«>s||p < -||Vw s ||p - m||w s ||p + cK s (t) (\\w s \\ 2 p + ||u; s || p ||Vio 3 ||p) . (60) 



We note from f)53[) that K s (t) is uniformly bounded on s G (st, oo) and r G (0,oo). Therefore there 
exists Qo > independent of s > st such that 

a n 1 1 2 ^ 2 r i n2 
Ot\\w s \\ p < Qoll^sllp, 

which implies 



w 



(T)\\ P <e a ^ T - T ^\\w s (T )\\ p for r>r . (61) 



Let Jo > be a constant given in this lemma and eo > be a small constant. Then we can fix 
< Si < S2 < Sq and Ri > such that 

(1 + Rjy^M^-V + {c Rl S 2 f {q - l) < 4, ^ AaoRl < fc, (62) 

where c Rl > is given in Lemma [5T31 and Mo > is given in ([53]) . Here we assume that ||w s (ro)||p < Si 
for some to > and s > st- Then we will see that ||w s (r)||p < S2 for t > To- In fact, we first define 

f = inf{r > t ; \\w s (t)\\ p = S 2 }- 

To derive a contradiction, we suppose f < 00. Then it follows from (|6ip and (j62|) that 

r > t +4i?f. 

Furthermore we apply Lemma 15.31 with (|62p to obtain 

sup w s (y,T) < c Rl sup ||w s (r')||p < c Rl sup ||™ s (t')||p 

|y|<-Ri T'e(r-4R2 >T ) r'€(ro,r) 

< cr^ for r G (tq + LR^t). 
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Hence by using this estimate and (|62|) . we get 

K s (rf = sup (l + \y'\ 2 r l / 2 w s (y',r) 2 ^ 

j/6c9R™ 

< max jW^- 1 ), (1 + l^)- 1 / 2 ^ 1 )} 

< e 2 for r G {r + AR 2 ,f). 

Therefore substituting this estimate into (|60p and taking eo > small enough, we obtain 

d T \\w s {T)f p <Q for r G (to + 4R 2 , r), 

which implies ||w s (f)|| p < ||io s (to + 4i?f)|| p . Furthermore by ([(TTjh ([52]) and ||w s (ro)|| p < 5i, we see 
that 

|K(ro+4i? 2 )|| p < e 4a o R '\\w s (r )\\ < S 2 . 

Therefore we obtain ||u; s (f)||p < 62- However this contradicts definition of f, which assures f = 00. 
Thus the proof is completed. □ 

Next we provide uniform decay estimates. 

Lemma 5.5. For any v > there exist c, s\, T\ > depending only on v > such that for s > si 

\\w s (t)\\ p < ce -( m -^(— 1) for r > ri . 

Proof. From Lemma [5. 2h Lemma 15.41 for any 1/ G (0, 1) there exists s*, n > depending only on ^ > 
such that 

sup ^s(t") < i 7 - 

s>sj, T>ri 

Hence substituting this estimate into ([60]) , we get for s > s^ 

cMK(t)||2 < -2(m - ci/)||«j,(t)||J for r > n . 
As a consequence, it holds that for s > 

K(r)||J < e- 2(m - cv)(r - n) |k s (ri)g for r > n . 

Here we note from (|53p that ||w; s (t)|L is uniformly bounded on s > st and r > 0. Thus we completes 
the proof. □ 

Let Eo be a positive constant such that ||Eo|| p = 1. Here we decompose w s (y,r) by 

w s (t) = w s0 (t) + w s -(t), 

where w s0 (r) = (w 8 (r), E ) p E . 

Lemma 5.6. There exists c, Uq, s^, t"2 > suc/i i/iai /or s > 



.(t)||p < ce- {l+ua)rn \ / e 2(1+Mo)mr ||V«; s _(r)||JdT < c for r > r 2 . 

J ri 
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Proof. Since (w s _, w s q) p = 0, we easily see that 

^-d T \\w s -\\ 2 = -\\Vw s -\\ 2 - in\\w s _\\ 2 + [ w q s w s -pdy'. 

Now we estimate the last term on the right-hand side. 

/ wj\w s -\pdy' = w q s0 \w s -\pdy' + I (w q - w q s0 ) \w s -\pdy' '. 
Jam.™ Jam™ Jam™ 

Then by Lemma \3.1\ it holds that 



/ w%\w s -\pdy < e\\w s -\\ 2 L 2 {dwl) + -\\w s0 \ 
Jam M aK +J e 



2<7 
P 



< ce\\w s -\\]j^ n+) + -\\w S Q\\ 2 p q . 

Furthermore the mean value theorem implies 

(w q - w q s0 ) \w s -\pdy' < q (w s + ^sQ^^Wg^ 2 pdy' 
> J aw^_ 

<qM s (r)[ {l + \y'\ 2 ) l / 2 \w s _\ 2 pdy\ 
Jawi 

where M s {t) is given by 

M s (t)= sup (l + |?/'| 2 )- 1 / 2 (u; s ( 2/ ',r) + | U ; s o(y , ,T)|r- 1 . 



Hence from Lemma 13.11 and Lemma IA.ll we get 

i. w i - wlo) \w s -\pdy' < cM s (t)\\w s -\\ 2 h1(r1) . 

Therefore since ||w s o||p < ll^sllpj we obtain 

-d T \\w s ^ 2 p < -(1 - ce - cM s (t)) (\\Vw s -\\ 2 p + m\\w s _\\ 2 p ) +^\\w s \\ 2q . 

Since q > 1, from Lemma 15.51 there exists s*, n, v\ > such that for s > s* 

\\w s (r)\\ 2 p q < ce" 2 ^!)^) for T > n 
Moreover by the same estimate as K s (t) in the proof of Lemma 15.41 we find that 

lim M s (t) = 0. 

S,T— >CJO 

Here we note that Eo is the first eigenfunction with zero eigenvalue of 

A - | • v) E = AE in M" , 8 V E = on <9M™ . (63) 



Since the second eigenvalue of (j63[) is one, it holds that ||Vu; s _||p > ||u; s _|L Hence we take e > small 
enough, then there exists uq S (0, S2 > s* and T2 > T\ such that for s> s\ 

drh>*-T P < -||V«; a -|g - 2(1 + u )m\\w s -\\ 2 p + ce -2(i+-iM-n) for r > ^ 
Multiplying by e 2 ( 1 + I/ o)m,T anc j integrating both sides over (t2,t), we obtain the conclusion. □ 
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Lemma 5.7. There exists c, s|, T3 > swc/i t/iai /or s > S3 

IKo(T)|| P <ce- mr for r>r 3 . 
Proof. From definition of w s o, we easily see that 

-9 T ||iu s o||p < -m||u; s o||n + c||^ s0 Hp / w q s pdy' 

1 JdR™ 

< -m\\w s0 \\ 2 + cH^ollp / (\w s o\ q + \w s -\ q ) pdy'. 

J ami 

Since q > 1, we fix r > 2 such that r'q > 2, where r' is defined by 1 = 1/r + 1/r' . Then by the Holder 
inequality and a boundedness of w s -(y, r), we obtain 



\WsO\ 



/ \w s -\ q pdy' < c||u; s o||p+ / \w s -\ r ' q pdy' 
< c||w s0 ||p + c / \w s -\ 2 pdy' 

JdMf 



|2 



^ C ||^s0||p + C||W S _ ||/fl(]fgn)- 



From Lemma 15.51 there exists si,t±, vq > such that for s > s± and r > t\ 

^Ik-oil? < -m||w a0 |g + ce- 2 ( 1+MO ) mT + c||«; a _||| r i (R?) . 



Thus multiplying by e 2m/r and integrating over (n, r), from Lemma l5.6l we obtain the conclusion. □ 
Proof of Proposition I5TT1 (upper bound). We apply Lemma 15.31 with R = 1 to obtain 
w s (0,t)<c sup w s (y,T)<c sup ||«'s(T / )||p. 

J/G-Bi,r'6(r-l,r) r'6(r-4,r) 

Therefore from Lemma 15.61 and Lemma 15.71 there exists Sq,7o > such that for s > Sq 

w s (0,t) < ce~ mT for r > r . 
By definition of w s (y, r), we note that v s (0, 1 — e~ T ) = e mT w s (0, r). Thus we conclude that for s > Sq 

v s (0, 1 — e~ T ) < c for r > n, 
which completes the proof. □ 

5.2 Proof of Proposition 15.11 (lower bound) 

Proof of Proposition [5TT1 (lower bound). The proof of lower bound is much easier than that of 
upper bound. From (|54|) and |Vu; s (y,r)| < c, there exist a nonnegative smooth function w*(y) ^ 
and s\ ^> 1 such that for s > s^ 

w s (y,0) > w*(y) foryGM™. 

Let w(y, r) be a solution of 

( y 

d T w = Aw — — • Vu> — mw in S x (0, 00), 
d v w = on G cM™ x (0,oo), 

w(y,0) = w*(y) in IR" . 
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Then a comparison argument shows that for s > 

w s (y,r) > w(y,r). 

As in Section [5TTI we expand w(y,s) by using eigenfunctions of (f63|) . Let Eo be a positive constant 
with ||Eo||p = 1. Then Eo turns out to be the first eigenfunction of (|63p . We decompose w(y,r) as 
follows. 

w(t) = w {t) + W-(t), 
where wo = (w, Eo) p Eo- Since the second eigenvalue of ([63]) is one, we get 

t2 (t) = («>., E ) p e~ mT E , \\w-(t)\\ p < \\w4 P e^ m+1 > for r > 0. 
Hence a local parabolic regularity theory shows that 

sup \w s -{y,T)\ < ce- (m+1)r for r > 0. 

As a consequence, since oo := («;*, Eo) p > 0, we obtain 

w(y,r) = oo (1 + 0(e~ r )) e" mr Eo for y G J3l 
Thus we conclude that for s > 

w s (0, r) > w(0, t) = a, (l + 0(e~ T )) e" mT E , 
which completes the proof. □ 

A Appendix 

A.l Compact embedding inequality 

Here we provide the embedding inequality on a weighted Sobolev space. 
Lemma A.l. It holds that for u G 

/ \yi\ 2 u 2 pdy < lQ\\diu\\ 2 p + 4\\u\\ 2 p (i = l,---,n). 

Jr™ 

In particular, it holds that for u G iTj(R") 

|?/| 2 u 2 pdy < 16||Vu|| 2 + 4n||«|| 2 . 



Proof. The proof is based on that of Lemma 2.1 in [23] (see also Lemma 2.1 in |18j p. 430). Since 
C£°(R!j} is dense in we assume that u G C^(l^). We set 

v(y) = u{y)e-\ y \ 2 1 % . 

A direct computations shows that 

\d iV \ 2 = \d iU \ 2 e-\y\ 2 i A + ^u 2 e-\y\^ A - ^ yi (d iU )ue-\y\ 2 i A 

= |^n| 2 e-l^l 2 / 4 + ||n 2 e-l^l 2 / 4 - ly^u^e^ I \ 
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Then integrating by parts, we see that 

yi (d t u 2 )e-M 2 / 4 dy = - [ di Le-M 2 / 4 ) u 2 dy 



[ u \-\y\ 2 i A dy + \ [ 

Jr" 2 J w 



\ yi \ 2 u 2 e-\y\ 2 l A dy. 



Hence it holds that 

n9 n9 . 1 n n9 1 / 9 9 -li/l 2 /4 , 



\\divf LHuv = \\d iU f p + \\\uf p - 1 J y 2 u 2 e ^'^d 

which completes the proof. □ 

From this inequality, we obtain a compact embedding from H^iW^) to L 2 } (JL + ). 
Lemma A. 2. The embedding from H^W^) to L 2 (W^) is compact. 

Proof. Let {ufcjfceN be a bounded sequence in Hp(W_l). Then there exists u £ and a subse- 

quence {uk}keN which is denoted by the same symbol such that u k — u weakly in H p (W^_). Then 
from Lemma lA.l) we verify that 

Uk(y) - u(y)\ 2 p(y)dy < FT 2 / \y\ 2 \u k {y) - u(y)\ 2 p(y)dy 
\y\>R J\y\>R 

< cR 2 \\uk - ^||^i(K~)- 
Hence for any e > there exists Ro > such that 

/ \u k (x) - u(x)\ 2 p(y)dy < e/2. 
J\y\>Ro 

Since the embedding from H\(Br q ) to L 2 (Br ) is compact, there exists ko € N such that for k > 

\u k (x) - u(x)\ 2 p{y)dy < e/2. 



'\v\<Ro 

Combining these estimates, we obtain for k > ko 



\uk ~ u\\ 2 p < e, 



which completes the proof. □ 

A. 2 Linear operator A 

In this subsection, we show the operator 

A v = (A - | • V) v 

with D(A ) = {v £ H 2 (R1);d u v = Kv on <9IR^} (K 6 R is a constant) is self-adjoint. Fr om Lemma 



3J]with g(y') = 1, there exists c > such that for v e iJ^(R^) 

/ v 2 pdy' <e\\Vv\\ 2 p + -\\v\\ 2 p . 
JdR n e 
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Hence there exists An > such that for v G H 



l (Tan ' 



I<[ v 2 pdy' < h\Vvf p + 



A 



Oil 1 1 2 

2-IMIp- 



Here we show that the operator A\ = Aq — An with D(A\ ) = D(Aq) is self-adjoint on L^(R"). Once 
this is proved, it is clear that the operator Aq with D(Aq) is also self-adjoint on L^(R"). By definition 
of An, it is verified that A\ is a symmetric operator and satisfies 

(-A Xo v,v) p >0, v€D(A ). (64) 

Hence it is sufficient to show that for any / G L7,(R") there exist t> G D(^4n) such that —A\ v = f. 
First we assume that / G C£°(R+). From ([64"]) . there exists a weak solution v G H^(R") such that for 
iP G #p(R+) 

/ (Vv ■ Vip + Xovifj) pdy — K / vippdy' = \ 
JR\ JdW+ Jm." 

By using ^ = u as a test function, we obtain 

IMIffl(R™) < °l 



fippdy. 



(65) 

In particular, since / G C£°(R™ ) is a smooth function, a standard elliptic regularity theory shows that 
v G C°°(Ry). Let r] k (r) G C C °°(R7) be a cut off function such that rj k (r) = 1 if r G (0, fc), r/ fc (r) = 
if r G (2k, oo). By using = \y'\ 2 vrj k (\y\) 2 an d ip2 = ?/n u ?7fc(M) 2 as test functions respectively and 
from Lemma 13.11 and Lemma IA.ll we obtain 



Hp ' 



/ \y'\ 2 \Vv\ 2 4pdy <2 [ \y'\ 2 \fv\ V 2 k pdy + c\\v 

JR™ JR™ 

/ yl\Vv\ 2 rgpdy <2 yl\fv\vlpdy + c\\v\\ 2 Hl(M n 
Jr™ Jr™ p + 



(66) 



\2v7'„ 



Next we use tp = V'(%(|y|) V't>) as a test function. Here we note that 

V{V'(7^V'i;)} = V'{V(^V^)} = V(4Wv)+V{(v4)Vv}. 
Hence integrating by parts, we get 



n n— 1 



lb lb J. 

/ V U -V{V , (77lV , U )}^dy = -2^ / (didjvfrfkPdy 

Jwt l=1 j=1 Jwt 

+ \Y.I yj(Vv-Vd j v)r j 2 k pdy+ I Vv ■V(V V 2 k Vv)pdy. 

j=i "' ]R + 



Hence it follows that 



/ VvV{V(4Vv)}pdy> f \VQjv\ 2 vtpdy 

JR" * JR" 



j=l 

c 



(67) 



\y'\ 2 Nv\ 2 r] 2 kPdy - c\\v\\ 2 Hlpi ^y 



The boundary integral is calculated as follows: 
vV(rjp7'v)pdy' 



f 



< C 



\Vv\ 2 V 2 pdy' + - f y' ■ (Vv)vrilpdy' 
z JdR™ 

Vv\ 2 r] 2 + \yfv 2 r)l) pdy'. 



45 



We set V\ = \Vv\r}}. and V 2 = Then from Lemma 13. 11 it is verified that 

(V? + \y'\ 2 V 2 2 ) pdy' < c I {{V 2 + Fi|Wi|) + \y'\ 2 {V 2 2 + V 2 \VV 2 \)) pdy 



n—1 p p 

< C V/ \Vvl\Vdjv\4pdy + c \y'\ 2 \Vv\ 2 V lpdy + c\\^ 
j=i J R + 



.1 

Therefore we find that 

n-l 



vV(r) k Vv)pdy' 



It _L « 

,=i + 

+c / |l/| 2 |Vv| 2 f7j^dj/ + c||u 



|2 



From dSSD, ([HZD and flSHD, we get 

n— 1 / \ V 2 

E/ |V^| 2 ^dy<c||/|| p If \yfv 2 V 2 pdy) + C |H|2 

Then applying Lemma I A. II two times, we compute the first term on the right-hand side. 

\y'\ 2 (\y'\\v\Vk) 2 pdy < c f (iVdy'lMrf + (\y'\\v\vk) 2 ) pdy 



< c 



+ 



\y'n\v'v\vkrpdy+c\\v\\ij lp{R 

- C E/ \ d i d j v \ 2 vlpdy + c\\v\\ 2 H1{K 

* /ran P y 



Thus finally we obtain 

n-l 

|2 



It 1 « 

Since i; is a solution of — ^Aq^ = ft it follows that 



d n v = Y 9nV + F ' 



where -F is given by 



F = -A'v + !L.Vv- X v + /. 



y 

r = -u 'o t 

Multiplying by {d^ l v)prjj, and integrating over R™ , we obtain 

||(^«)%K<c/ yS|V«| 2 ^pdy + c||F|| 
Then it follows from (1661 ) that 



/ \ 1/2 

ik^)%ii 2 < cii/iip (7 n y y4pd y \ +c\H%i {n ) +4n 2 P - 
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By the same calculation as (|69j) . we see that 

yfflVkP d y < c \\{dlv)rik\\ 2 p + c\\v\\ 2 m 



which implies 

\\(d 2 n v) Vk \\ 2 p < c\\f\\l + c\\v\\ 2 Hlp{RV + c\\Ff p . (71) 
Thus combining (|65p . (|70p and (|7ip and taking k — > oo, we conclude that 



\\V\\ H 2(R<1) < C\\f\\p. 

Since C£°(M") is dense in L 2 (W^_), by a density argument, we complete the proof. 
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